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Abstract
Nature demonstrates an incredible diversity, capability, and complexity of life, with organ-
isms that can robustly run, jump, and swim. Compared with their biological brethren, robotic
“life” lacks rich dexterity or economy of motion, and their plainly simple designs indicate
room for improvement. Unfortunately, a major barrier to creating similarly adept robots is
the design process itself. Each aspect of robot design, including the (physical) body (e.g.
actuation, sensing, geometry, materials) and the (cyber) brain (e.g. control, proprioception)
is typically not integrated in a single design workflow, and a lack of fast, accurate, useful
simulators leads to expensive, spiraling, hardware intensive iteration. This thesis intro-
duces methods to marry all aspects of robot design into combined algorithms for holistic
cyberphysical design. Core to this solution is co-optimization and co-learning methods
which can simultaneously reason about different design domains and achieve locally optimal
performance. This thesis further discusses considerations in modeling (via differentiable
simulation) and realizability (through automated and semi-automated fabrication worfklows).
We describe how this entire suite of capabilities from modeling to automated fabrication can
be conceptualized in a complete end-to-end “robot design stack,” providing full CAD-CAM
computational design capabilities. We demonstrate these capabilities on for rigid, compliant,
and soft robot design tasks, including locomotion, manipulation, and tactile sensing, and
discuss the frontiers of this burgeoning field of computational robot design.
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Chapter 1

Introduction

Nature demonstrates incredible biodiversity, �lled with highly capable animals that can

ef�ciently walk, run, �y, jump, swim, and more. Each organism is optimized to �ll its

niche. Core to what makes these organisms so capable is their complexity. Skeletal and

integumentary systems encode topology and materiality, enabling for ef�cient locomotion

and dexterous manipulation; peripheral nervous systems with dense, tuned arrays of neurons

allow for awareness and reasoning about external stimuli; musculoskeletal systems provide

catered actuation systems to the tasks those organsims expect to perform. All of this is tied

together with a central nervous system, capable of proprioception, �ne motor control, and

task planning, allowing these creatures to solve complex tasks such as hunting, tool use, and

creative problem solving.

Compared to these organic marvels, modern robots pale. Typically rigid, clumsy, and

lacking robust motion, these creations are sti�ed by their simplicity; further, the most

successful types of designs are limited to a small set of mature working paradigms that

have taken decades to develop. While robots have seen tremendous progress over even

the last ten years (see,e.g. Boston Dyanmics's Atlas robot, which has progressed from

harness-constrained running to untethered parkour), these robots still leave much to be

desired. There are many tasks which are simple for animals that are dif�cult for robots;

for example, robust tactile manipulation, energy ef�cient running, failure recovery, terrain

adaptation, and higher-level task planning. If it takes ten years to progress one type of

morphology (humanoids) from walking to running, must we wait another ten years before
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that same robot is capable of tasks such as climbing, another ten years for higher order

tasks such as furniture assembly, and another ten years for yet even more complex tasks

such as disaster relief? And, what about robots in domains which require radically different

morphologies, such as deep sea exploration, surgery, or microrobots for drug delivery? Will

it be decades per morphology per application? Suddenly, a robot-�lled future feels very far

away!

But much like nature, robotics should abhor a vaccuum. If we wish for modern robots

to approach nature both in both in capability and diversity, with different designs �lling

different niches in society, then faster design cycles are needed. This thesis presents

algorithmic, computational tools focused on automated robot design. The goals here are

threefold. First, by shortening robotdesigncycles, we can accelerate the rate at robot

engineers can iterate, leading to fasterproductcycles. Second, by leveraging more powerful

computational reasoning algorithms, we can design robots that are more ef�cient for target

tasks than fully manually designed robots. Third, by automating aspects of robot design and

fabrication that previously required human-intensive labor, we can free up man-hours for

the conceptual design tasks which require more intense human creativity. The end result is a

new, more automated robot design process that, when coupled with human designers and

engineers, will lead to more diverse and interesting robot forms which are more capable at

more tasks, designed more quickly than ever before.

1.1 Vision: Task-Based Robot Design

Given a target task or set of tasks, such as “move forward as fast as possible,” “robustly

grasp a target object,” or “agilely turn in place,” we desire an algorithm which automatically

synthesizes candidate robot designs that are optimal for that task. Robot design spaces may

be speci�ed parametrically or nonparametrically, and these design spaces cover morphology

and behavior. The ideal algorithm takes a mathematically speci�ed task as input and provides

the task-optimal fabricable robot morphology and control program from the speci�ed design

space as output.

The vision of automated robot design work�ows is a far departure from modern robot
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design strategies. Presently, robots are typically developed as such. Given a task or set of

tasks a designer wants a robot to perform, the robot outlines a high-level view of the robot's

morphology. With task and a conceptual design of morphology in tow, the designer selects

a set of actuators. The actuator selection drives the scale of capabilities the robot will be

able to perform, both in payload and precision. Once actuators are chosen, a topology and

concrete morphology is created. The robot is then fabricated and tested, and controllers are

synthesized; sensors may be added if necessary. If the robot does not perform as desired at a

given stage, earlier aspects of the design may need to be revisited.

In this work�ow, use of computation is typically limited. Computer-aided design

software may be used, but such software will typically only allow engineers to represent

geometry and sometimes explore linkage kinematics. Simulation, which may require its own

software platform, is usually restricted in application. It can be used for veri�cation once a

design has been synthesized, and sometimes for generated model-based control strategies.

But, simulation is rarely viewed as a �rst-class citizen in the design loop as a means of

synthesizing the design. For that, engineer experience and intuition is typically relied on. Of

course, this leads to a trap that limits robot functionality — if all future designs are based

on a set of paradigms that are known to work, then we seldom explore more experimental

designs with high risk but high potential. Of course, this hesitancy toward design exploration

is not without merit — as described, modern work�ows are hardware intensive, making

them expensive in both time and human labor. Each failure is expensive.

In order to promote and facilitate the design of more creative and capable robot designs,

we envision work�ows in which robots are designed not in a spiraling fashion, but rather a

concurrent one.

In current work�ows, each domain of robot design is considered (mostly) independently.

In practice, however, each aspect of the robot is interrelated. Changing actuators may require

changing the size of the housing chassis; changing robot geometry will require reconsidering

robot kinodynamic control; changing control schemes may inform more optimal actuator

design, and so on. As each aspect of a robot's design changes, the others have to be revisited,

and it can take many iterations until a �nal design is converged upon.

In our envisioned concurrent design (or “co-design”) work�ow, each aspect of a robot's
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design is considered simultaneously. Further, the robot isco-optimizedover each aspect of

its designin silico by algorithms which are capable of jointly reasoning about them. These

algorithms should be able to more quickly �nd satisfactory designs which are capable of

solving speci�ed tasks, and �nd designs which are more optimal by �nding designs where

the different aspects of the robot work in harmony rather than antagonistically with each

other.

This thesis considers both rigid and soft robots for static and dynamic tasks, and each

of these robots has a number of different domains to consider. Each domain of a robotic

cyberphysical system (roughly) falls into one of two categories: “body,” or the physical

part of the robot, and “brain,” or the cyber part of the robot. For rigid robots, the body is

comprised of the robot topology, geometry and inertial parameters, actuator design, and,

in some cases, sensing. For soft robots, the body is comprised of shape, spatially varying

materiality, actuator design, and sensor design. In both rigid and soft robots, the “brain” is

responsible for control, task planning, and higher level reasoning; soft robot brains must

also reason about proprioception. Hybrid robots (both partially rigid and partially soft, like

vertebrates) are not considered in this thesis, but would include all aspects of both rigid

and soft robots. Ultimately, robot design algorithms need to consider many domains, some

static, some time-varying, some with few variables, some with many variables, and each

affecting system kinematics and dynamics at different scales. It should be obvious that this

sort of complexity not only makes algorithms for robot design dif�cult to formulate, but

also extremely worthwhile.

As we will see, the types of co-optimization problems solved by the algorithms in this

thesis are dif�cult for a number of reasons. First, since we desire certi�cates that the robots

generated by these algorithms will perform well, they are model-based. This means that

evaluative simulations must be runin-the-loopof optimization algorithms. Since simulations

can be slow, these algorithms need to be ef�cient. Second, these optimization problems are

highly nonlinear, and so naïve optimization strategies rarely work. To �nd good solutions to

these complex problems, we need to formulate algorithms cleverly, or look to more complex,

data-driven, learning-based searches. Finally, since we wish for the resulting robot designs

to be fabricable, we must rely on realistic models that are at least fabrication-aware.
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In summary, put concretely and succinctly, this thesis proposes co-optimization solutions

to co-designing rigid and soft robots across various design domains. Given a target task

or set of tasks, such as “run forward,” “grasp an object,” “reach a target pose,”etc., we

desire algorithms which can ef�ciently provide the best robot design to complete that

task. Speci�cally, the proposed algorithms seek to marry the “body” (topology, materiality,

actuators, sensors) and the “brain” (proprioception, control, and task-planning) in a single

work�ow, leading to a single pipeline for the fully automated design of rigid and soft robots.

If these resulting designs are predictive, meaning they can be realized in physical reality,

then this severely cuts the need for slow, spiraling iteration or expensive prototyping.The

thesis of thisthesisis that algorithmic tools can be used to vastly accelerate the design

and fabrication process of (rigid and soft) robots in a single CAD-CAM work�ow by

jointly reasoning about all aspects of robot design in a single physically predictive

pipeline.

1.2 Comparison To State of the Art

As described, robot design has traditionally been an experiential �eld, focusing on iterative

fabrication-based prototyping of robots. Computational modeling and simulation have been

used sparingly in the past.

In recent years, computational design and fabrication has emerged as a rapidly growing

�eld that has grown out of the advent digital fabrication platforms and the increased com-

putational horsepower of modern workstations. The last decade has seen a proliferation of

techniques for computationally designing functional, physical objects, such as spinners [11]

or self-supporting structures [36]. These capabilities had started to proliferate into the space

of computational robot design, but were limited in three ways.

The �rst limitation had been in computational method. Most historical computational

design algorithms for robots have been evolutionarily-based [129, 23]. While these al-

gorithms demonstrated enormous promise for morphological search of robots, they were

inef�cient, requiring a large number of iterations or massive parallelization across CPU

clusters to produce results. Further, these methods presented no guarantees of optimality.
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Worse, these methods were typically ill-suited to controller design, and control optimization

is thus limited in that line of work. The model-based numerical optimization and learning

schemes presented in this thesis have increased ef�ciency and wider applicability than their

evolution-based ancestors.

The second limitation had been in design domain. Most computational techniques were

limited to structures that were purely kinematic in nature [27], sometimes moving as far in

physical modeling as static physical analysis [130]. Obviously, this limits the types of tasks

that such mechanisms can perform, and removes the need to consider the (exceptionally)

complex domain of control. This thesis will deal extensively with dynamic robots (and some

static analysis), and discuss the role of control in the co-optimization problem at length.

The third limitation has been in realization. In the instances where complex virtual

characters have been designed [157], fabricability has often been ignored. Models have

been simpmli�ed for computational convenience, focusing on physical plausibility rather

than on being physically-based. All of the work here has been grounded in physically-based

models, with fabricability being considered and promoted throughout.

In summary, compared with previous work, the problems we consider in this thesis

extend over more domains than previous work and target more complex systems. Meanwhile,

the solutions we present are often more ef�cient, optimal, or physically realistic (and useful

for fabrication) than previous techniques. Throughout each chapter of this thesis, we will

present related work and comparisons to state-of-the-art techniques in more detail.

1.3 The Future of Robot Design

This thesis presents algorithms for task-based co-optimization of fabricable rigid and soft

robots over multiple different design domains. Such a problem requires reasoning about

modeling and simulation, optimization-based design, fabrication, and problem speci�cation.

These are scenarios with many intricacies and complexities. In order to make reasoning

about them more tractable, we turn to the ideas of abstraction that have been so successful

in computer science. Rather than reason about every aspect of the robot design problem

simultaneously, we formalize the capabilities needed for computational robot design into a
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robot design stack. The computational stack has two core features. First, each layer of the

stack is modularized, such that it only needs to know about the outputs and requirements of

the layers below and above it respectively. Each layer ef�ciently leverages information from

the layer below it in order to produce output for the layers above it. Second, when speci�ed

properly, layers of the stack with the same inputs and outputs can be modularly swapped in

and out without requiring modi�cation of other layers of the stack; however, the ability to

swap in and out different instances of a layer can help improve performance with respect to

a target application. We will discuss these two intricacies in more detail in an example later

in this section.

Figure 1-1: Left: The computational robot design stack. The �rst two layers provide
CPU/GPU hardware and languages catered to fast, differentiable simulation (layer 3). Co-
optimization algorithms (layer 4), use the gradients computed from simulation to optimize
continuous design parameters. This local co-optimization scheme is used as a black-box
in more sophisticated learning-based design searches (layer 5). The �nalized design is
compiled to a digitally fabricable format (layer 6), which is guaranteed to closely match
the simulated versionvia the sim-to-real layer (7).Right: The proposed design stack
incorporating multi-task optimization and digital fabrication, with changed layers in cyan.

The robot design stack is presented in Figure 1-1. Each layer builds upon the one below it.

Layer 1 is computer hardware in which robots are designin silico. Layer 2 is differentiable

computer programming languages such as TensorFlow, PyTorch, or DiffTaichi [1, 112, 63]

which make it easy to implement the differentiable models in layer 3 (but also can provide

functionality for layer 5). Layer 3 is differentiable simulation, which uses the languages

presented in layer 2 in order to provide fast, inner-loop simulation that can also provide

gradients. Layer 4 is gradient-based model-based co-optimization algorithms, which provide

a means of co-optimizing over various (continuous) robot design domains; obviously, layer

4 requires the differentiable simulation of layer 3. It provides co-optimization techniques

that are used by layer 5. Layer 5 is learning-based co-design. This layer uses data generated
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during the optimization procedures in layer 4, and uses these optimization layers for updating

learnable models. As output, it provides a purely virtual model of the robot that is to be

fabricated. Layer 6, the fabrication layer, provides a way of turning the virtual designs from

layer 5 into physical robots, and provides physical data to be used by layer 7. Layer 7 uses

the data generated from the physical robot to �ne-tune control and sensing models in order

to achieve performance that matches the virtual simulations, overcoming the simulation and

modeling gaps. As can be seen, the layers are carefully ordered such that they immediately

depend on the layer immediately below and provide black-box methods for the layer above

to exploit.

Figure 1-1 also shows the capability of layers of the stack to be swapped in and out,

for different classes of problem. The instance of the stack on the left is presented for a

problem in which the goal is to optimize a robot for a single task, would be fabricated by

hand, and where the control and sensing architectures are parametric in nature. The stack

on the right shows how three layers can be swapped out to change the functionality of the

design stack. Layer 5, for instance, can be swapped from a single-task learning algorithm

in order to create robots that are capable of multiple tasks. Layer 6 can be swapped from

creating instruction for manual assembly to a �le for digital fabrication. Layer 7 can be

swapped from a sim-to-real algorithm that reasons about robots with parametrically speci�ed

controllers to one that works for robots with nonparametric control (e.g.from neural control

to model-predictive control). Each layer still provides the same outputs and receives the

same input, and they thus can be swapped independently of one another.

This thesis contributes the following solutions and results for layers 3-6 speci�ed above

(with layers 1, 2, and 7 being outside the scope of this thesis).

Differentiable simulation preliminaries for rigid robots will be presented in Chapter

2, while fast, accurate, fully differentiable simulation for soft robots is examined with

particular attention and presented in Chapter 4. The presented solution is a GPU-accelerated,

physically-based material point method algorithm with a modular API for specifying soft

robot morphologies, controllers, actuators, and sensors. Soft robots are given special care in

this chapter, since fast, differentiable rigid robot simulators have been covered extensively

by other preceding and concurrent work [145, 32, 33, 42].
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Co-optimization algorithms which use symbolic and differentiable simulation are pre-

sented in Chapters 3 and 4. Speci�cally, we present three algorithms for three different

types of robots. First, we present methods for co-optimizing dynamic rigid robots over

parametric design, open-loop control, and actuator selection. Then, we present methods for

co-optimizing dynamic soft elastic robots over closed-loop control and spatially varying

material stiffnesses.

Co-learning algorithms are presented in chapter 5 and 6, which can reason about aspects

of robot design problems that cannot be completely optimized from gradient-based methods.

This is either because the domains being optimized over are discrete, the representations

nonlinear enough that they require many iterations for optimization-based convergence

(and thus cannot be optimized by simulations in the loop), or the system is dif�cult to

model in a differentiable manner. In particular, we present learning-based solutions for

proprioceptive modeling of soft robots (which is iteration-hungry) and sensor design (which

is both iteration hungry and, depending on the sensor inputs, dif�cult to differentiably

model). These methods leverage capabilities from prior layers. Examples of learning over

discrete domains is present in other concurrent work [168].

Fabrication results are presented in chapter 3, where we present physical demonstrations

of our co-optimization results by fabricating rigid dynamic robots, while an in-depth analysis

of soft sensing fabrication is presented in chpater 6 following our sensor learning results.

While most of the results presented in this thesis present a single method for a partic-

ular layer of the stack, we brie�y walk through one end-to-end system, titled Interactive

Robogami, that relies on an implementation of each layer 3 through 6.

1.3.1 Interactive Robogami — A First Demonstration

This thesis is a step toward democratizing the design and fabrication of robots through

intuitive tools and user interfaces. Suppose Alice wishes to design a legged robot for

managing her yard. To do so, Alice heads to a 24 hour robot manufacturing service where

she can explore the design space using an intuitive interface. Once she settles on the design,

the store will fabricate the robot and its control and programming environment.
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Inspired by this vision we developed a system called Interactive Robogami. Speci�cally,

as a �rst demonstration of the type of systems that will exemplify the future of robot design,

we present Interactive Robogami as a motivating Example. Interactive Robogami is an

end-to-end CAD-CAM system; a self-contained robot design system that handles everything

from ideation to conception. The system guides users through composition-based design

and parametric optimization of fully fabricable robots. Users are given a collection of

fabricable components; these components are parameterized in such a way that they can be

composed, with component geometry automatically changing in order to make connections

consistent. Users compose a robot with desired geometry, interactively altering design

parameters along the way. As users resize the robot parts, consistent connections and

other high-level constraints (such as leg spacing, to avoid self-collisions) are maintained.

Users may also design and optimize robot locomotion sequences from parametric motion

primitives; recommendations are provided to users based on the count and shape of robot

legs and wheels. Real-time previews of robot motion are provided as users explore geometric

and motion parameters. As users explore the space of geometric parameters (with the control

scheme held �xed), the system provides recommendations on how to alter those parameters

in order to improve the selected objective (users may select from nine objectives in total).

Alternatively, users may opt for the system to take over, automatically optimizing the current

parameterized design to its local optimum. When users are satis�ed with their design, they

simply press the “export” button, and a complete cyberphysical design plan — .stl �les to

3D print, a wiring diagram, and C code to upload onto a microcontroller — are outputted

to the user. From there, all that remains is for the robot to be 3D printed, the electronics

attached, and the code uploaded to the microcontroller.

Interactive Robogami is a good case study because it implements nearly all aspects of

the computational design stack. Simulation is used to preview and measure the performance

of in-progress designs. Optimization algorithms are used to optimize robot body geometric

parameters for tasks and aid the user in part composition and interactive resizing. A fabrica-

tion compiler is used to convert virtual designs into design �les for digitally fabricating their

physical counterparts, and it is demonstrated that the physical simulation is accurate and

predictive. Finally, these components are all tied together in an interactive graphical user
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interface that allows natural exploration and conceptual design. Only two aspects of the

proposed design stack are not accurately re�ected here. First, while optimization algorithms

are used in order to improve robot designs and ensure fabricability, these optimization

algorithms are only employed across the shape domain. As demonstrated, shape, kinematics

and dynamics, and control are tightly interrelated. Thus, ideally, such a system would have

the capability of co-reasoning and co-optimizing over both robot body and brain. Second,

while there are no applications of data-driven design and learning in Interactive Robogami,

there is a clear opportunity — automating the currently human-driven compositional design

of both geometry and gait sequences through data-driven part recommendations.

Such limitations, however, only further motivate the need for design-stack like thinking.

Treating the capabilities in Interactive Robogami as a stack, one could imagine introducing

co-optimization algorithms that replace the geometry-only optimization algorithms currently

in place. Learning algorithms could be introduced that can learn optimal robot topologies for

tasks and recommend them to users. More accurate and expressive dynamic simulation and

motor models could replace the current simpli�ed model. In all such cases, swapping such

capabilities changes nothing about the rest of the system, maintaining the clean abstractions

by which the layers are de�ned. We note that Interactive Robogami presents one success

story already of the stack-based mentality — a metallic robot (Fig. 1-6), waterjet out of

sheet metal and folded was fabricated as a �nal example. The fabrication instructions were

modi�ed from the print-and-fold strategy, presenting cut patterns that can allow similar

large-scale folding. These robots are made of materials that can handle more substantial

loads, demonstrating the utility and versatility of stack-based thinking and system design.

1.3.2 Design Decisions

One of the main challenges in robot design is the interdependence of the geometry and

motion. A typical design process for a robot starts with geometry design, followed by

actuator selection, and then controller design. However, minor changes in geometry can

drastically simplify actuator or control design. Take, for example, the robot in Figure 1-2.

This four-legged robot was designed by a user for deliver ice cream. In this task, speed
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Figure 1-2: A robot design that topples while walking (left) can be modi�ed to follow a gait
that only wobbles slightly (center), but changing the geometry (right) allows the robot to
move much faster and more steadily.

is essential to ensure the ice cream does not melt. In addition, the robot must be steady

enough that the ice cream does not spill on the way to its destination. In general, the

fastest way for a statically stable four-legged robot to move is for all the legs to move

simultaneously, resulting in a scooting motion. With the user's initial design (left), though,

this gait is unstable and the robot topples backwards. The user can �nd a gait with the left

and right pairs of legs moving sequentially that allows the robot to move forward with only

a slight wobble (center). However, changing the original geometry slightly allows the robot

to succeed with the original gait and maintain its high speed without falling over (right),

resulting in a robot that is almost 50% faster.

Interactive Robogami presents an interactive system that allows designers to explore

how both geometry and motion affect robot performance, enabling them to make these

types of design choices. Our system contains tools for geometry and gait design, as well

as simulations for evaluating the model (Fig. 1-3). Users interact with the tool through a

graphical user interface (Fig. 1-4) in which they can visualize the models they create and

receive real time feedback as to how changes to the design affect the robot's performance.

The system keeps track of the geometry and motion in order to output a full fabrication plan

once the user is ready to build the design.

Our design choices were driven by three main objectives: 1) facilitate user creativity

while maintaining a wide range of accessibility, 2) enable concurrent design of motion

and geometry, 3) guarantee fabricability, and 4) provide real time feedback for ground
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Figure 1-3: System diagram. Users interact with geometry and gait design tools. The
designed models are simulated to provide feedback to the user. The user may iterate over
the design before fabricating and assembling the model.

Figure 1-4: User interface. Icons that link to geometry components are displayed on the left
and the gait design tool is on the bottom. Users design models by dragging components into
the center canvas and editing them. Performance metrics for the design are shown on the
right.
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locomotion design.

Since the design space of robots is too large to be explored interactively by casual

users, we introduce a component library and an assembly-based modeling tool to allow

users to combine components in the database to create new robots. This method has been

shown to facilitate user creativity while maintaining a wide range of accessibility [49]. The

components in the database are parameterized to allow variability while keeping the space

of possible designs manageable. A linear parameterization simpli�es the data representation

and speeds up computation without compromising expressiveness.

In order to address the concurrent design problem, our database contains both geometric

parts and motions and is supported by a grammar that dictates composition rules for both

these components. To this end we drew many insights from the experience of robotics

engineers. We categoried parts into bodies, legs, and peripherals based on the functionality

of components in existing robot designs. The joint controllers were chosen based on the

physiology literature and parameterized according to when legs were expected to make

contact with the ground [6].

All the geometric components can be fabricated using our 3D print-and-fold method

and the parameterization is designed so that this is preserved at any con�guration. The

composition tool uses the parametric representation to snap geometric components together,

constraining the composed models to a fabricable set of geometries. The composition rules

are used to determine he electronic components needed in the assembly and the parametric

motion representation is used for automatic generation of the control software. This allows

the system to automatically generate a full fabrication plan for every composed model.

Optimization and simulation tools are used to guide users in realizing a stable ground

robot. The parametric representation de�nes the design space for a �xed topology over which

optimization can occur. Nine performance and fabrication metrics are computed in real time

when a user creates or modi�es a robot and are displayed to the user. Users can optimize

designs relative to these metrics by altering geometry, gait, or both. We chose metrics that

are commonly of interest to roboticists designing ground behavior. These objectives allow

inexperienced users to optimize their designs to follow trajectories, minimize fabrication

cost, maximize speed, and overall make more intelligent design tradeoffs than when using
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Figure 1-5: Geometry components by category. Our system's database contains 45 compo-
nents: 12 bodies, 23 limbs, and 10 peripherals.
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Figure 1-6: The electronics (servomotors, microcontroller, and battery) inside the one exam-
ple robot designed and fabricated using Interactive Robogami, nicknamed the “Monkey.”

Figure 1-7: The system provides guidance arrows for users who want to make local geometry
optimizations. The up and down arrows indicate that the user should lengthen and shorten
the leg respectively. No arrow indicates that the part dimension is already at a local optimum.
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Figure 1-8: Six robots designed and fabricated using the system. Numbers over the limbs
indicate the step sequence.

Figure 1-9: Comparison of Monkey gait in simulation and from physical robot. The robot
motion matches those from the simulations.

single-metric systems often found in the literature. During a pilot study, we found that

users preferred some metrics (e.g.speed, turning angle) and found others to be unintuitive

(forward travel) and we incorporated this feedback into our user interface design.

1.3.3 Outlook

Interactive Robogami presents a case study and in order to help the reader appreciate

how components of the robot design stack interplay. Further, we hope such a cognitive

walkthrough will help the reader understand the considerations that must be taken in

developing such a system, as well as the opportunities and challenges that lie ahead.

However, in the form presented, a system such as Interactive Robogami is, in fact,

limited. Robots tend to look more like automata or toys than the functional robots we expect
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in our future, unable to handle substantial load or move with great speed. The dynamic

behavior of these robots is ultimately very limited, since the simulator used is constrained to

limited types of dynamic motion. Further, while useful for human-driven design, Interactive

Robogami lacks advanced algorithmic design capabilities, unable to optimize over discrete

topology, control, or non-parametric geometry. Finally, the print-and-fold construction of

these robots, while fast, lacks any sort of guarantees on maximum structural load, and can

sometimes buckle when carrying large contents. These limitations motivate much of the

work in this thesis, aiming to help designers transition from exploratory, mostly kinematic

design to dynamic, task-optimal design.

1.4 Contributions and Overview

If we want to approach the complexity of organisms found in nature in modern robotics,

we will need algorithms which can co-reason over all of the different “organ systems” of

dynamical robots: link shape (skeletal system), sptially varying mtariality (integumentary

system), proprioception and sensor layout (nervous system), and actuator design (muscular

system). This thesis focuses on the former three of these systems, although it will brie�y

touch upon the last of these. Such reasoning capability is not realized by the quasistatic

and geometry-focused Interactive Robogami, though it provides a convincing vision of the

types of end-user systems we would like to target with these capabilities. The remainder

of this thesis will be focused on developing co-optimization and co-learning algorithms

for designing each robot organ system – never in isolation, but always combined with

capabilities realized by the robot brain;e.g. motion planning, control, and reasoning.

Contrasted with Interactive Robogami, the bulk of this thesis pays special attention to

dynamical robot systems, with extra attention focused on the especially dynamically rich

and dimensionally complex class of soft robotics. While this thesis is focused on methods

that are proven to work in simulation, some results and demonstrations in fabrication will be

discussed throughout.

in this thesis, we contribute:

• A formalization of robot co-design into a robot design stack.
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• A method for co-optimizing rigid robots over geometric and inertial parameters, open-

loop controllers, and actuator selection rooted in trajectory optimization and powered

by a symbolic differentiation system.

• A modular API for soft robot design and differentiable simulation.

• A method for co-optimizing soft robots over spatially varying materials and open- and

closed-loop controllers.

• An algorithm for co-designing soft robots over control, material, and latent proprio-

ceptive models.

• A co-learning algorithm for co-designing soft robots over task and sensor placement.

• Methods for fabricating elements useful for soft robot design, with special care paid

to textile-based sensing architectures powered by machine learning models.

This thesis provides work on �lling out the computational design stack. The remainder

of this thesis is organized as follows. Chapter 2 provides simulation preliminaries. Chapter

3 describes work on co-optimization algorithms for rigid robots. Chapter 4 extends the type

of thinking presented for rigid robots to the more highly nonlinear soft robots, co-optimizing

over high-dimensional material distributions and open- and closed-loop control. This chapter

also introduces a differentiable soft robot simulator based on the material point method,

which will be used for most of the remaining contributions of this paper. Chapter 5 pushes

our co-design algorithms past the regime of pure optimization and introduces learning-based

methods to expand our capabilities. In particular, chapter 5 will focus on learning-techniques

for co-designing proprioceptive capabilities in the framework of soft robot material/control

co-optimization. Chapter 6 extends the work of chapter 5, focusing on learning intrinsic

sensorizations that lead to meaningful proprioceptive models, which can be used for soft

robot learning and control tasks. Chapter 6 will also introduce a novel fabrication method

for creating soft sensor networks that could one day be optimizedvia the sensor design

algorithms presented here. Finally, chapter 7 concludes this thesis by summarizing our

progress toward the initial vision, describing the foreseen impact of this work, and proposing

important future horizons for the �eld.
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1.5 Related Work

Throughout this thesis, related work will accompany the corresponding topics presented in

each chapter. However, we conclude this chapter by describing related work in the �eld

of computational design work�ows at large, with an emphasis on manufacturing-oriented

design, computational design of robots, and co-design.

1.5.1 Manufacturing Oriented Design

Manufacturability has long been a concern in engineering design [31, 57, 74, 113, 158] and

has more recently become an area of interest in the computer graphics community. Proposed

fabrication-oriented systems include tools for plush toys [105], furniture [81, 123, 127, 151],

clothes [152], in�atable structures [130], wire meshes [51], model airplanes [153], twisty

puzzles [139], prototypes of mechanical objects [78], and architecture-scale objects [166].

Our work is similar to these efforts in the sense that our tool constrains the design space

to ensure fabricability. For fabrication, we use a method that combines 3D printing with

origami-inspired fabrication methods: robots are 3D printed as �at faces that are then folded

into their �nal shapes (Deng and Chen, 2013). This method exploits origami-inspired

fabrication, which generates low-cost, lightweight structures [21, 46, 47, 56, 62, 85, 98,

101, 141, 165] and combines it with the �exibility of additive manufacturing technologies

to produce complex geometries and durable functional joints [8, 17, 19, 95, 147].

1.5.2 Design of Robots and Functional Mechanisms

Design generation work often considers mechanical structure and task-speci�c movement

in isolation, with mechanisms being designed independently of actuation [97, 99, 169].

Although fabrication plans for fully functional robots were presented in [100], the designs

were driven by mechanical considerations, and the electrical and software components

generated in a post-processing stage. On the other side of the spectrum are studies in

generating driving mechanisms that match desired input motions for toy designs [27, 147,

169], robots [97, 132], and other models [48]. The combined geometry-motion design

challenge, although acknowledged, is not addressed by these systems.
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1.5.3 Concurrent (Co-)Design

Concurrent design of multiple coupled subcomponents is a common challenge when de-

veloping complex systems. Proposed methods for tackling this challenge include methods

for combined structure and control optimization of mechatronic systems [83, 110, 116],

cooptimization of dimensions and gait for a quadrupedal robot [38], cogeneration of me-

chanics and actuation for printable robots [23, 89], and concurrent design of planar linkage

structures and trajectories [9]. These works search for satisfactory designs under space and

kinematic constraints. Our work is similar in that my robots require concurrent design of

geometry and motion. However, our system handles 3D robot designs and additionally

considers the stability, speed, and actuation requirements associated with a ground robot.
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Chapter 2

Background And Notation

Any robot design optimization algorithm requires full or partial simulation, often as an

inner loop of a step of the design optimization process. This is for two reasons. The �rst

reason, perhaps most obviously, is to evaluate the robot's performance, in order to test

the ef�cacy of the design optimization procedure thus far. The second, potentially less

obvious reason for simulating robots during design optimization is to computegradients

of a robot's performance. Performance gradients are gradients of mathematically speci�ed

loss functions which numerically evaluate robot performance, and can be with respect to

any state or design parameter. These gradients provide search directions for an optimization

procedure. Such gradients are useful in �nding solutions that improve objective values, and,

in the case of constrained optimization, provide clues for �nding a valid,feasiblerobot

design with respect to speci�ed design constraints. Simulation which can provide these

gradients of objective functions and state variables with respect to design variables or other

state variables is referred to asdifferentiablesimulation. Most forms of robot simulation

can be made differentiable, including rigid-body and soft-body elastic simulation, which are

useful for rigid robots and soft robots, respectively.

In this chapter, we provide a brief introduction to fast, accurate differentiable simulation

for rigid and soft robotics, which will serve as a cornerstone for the design optimization

algorithms in future chapters. In particular, we will discuss two simulators: the open source

dynamic rigid robot simulator Drake [145], a modi�ed version of which is used for work on

co-optimizing rigid robots, and [66], a GPU-accelerated differentiable soft robot simulator
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based in the material point method used for work on co-optimizing rigid robots. Throughout,

we will discuss design choices that help avoid modeling and performance pitfalls.

2.1 The Life And Times of A Robot Simulation

In this section, we brie�y describe the process of a robot simulation. Though we ground

some examples of this discussion in the soft robotics regime, the discussion here is in fact

general to any type of robot, be it rigid, soft, hybrid, or other.

A robot simulation has a beginning, a middle, and an end. The beginning of a robot

simulation is toinstantiatethe robot. This involves de�ning the robot's physical design,

which is typically parameterized in some way for optimization, either directly orvia a

function which generates the robot body. In the soft robot case, this includes its geometry,

material parameters, actuator placement, and, if relevant, sensor placement. For rigid robots,

this involves de�ning the robot's topology, inertial parameters, actuator placement/design,

and, if relevant, sensor placement. The middle of a robot simulation is to evolve the robot

through time, according to the robot's controllers and its dynamics. The end of a robot

simulation is toevaluatethe performance of a robot, by evaluating an objective function

describing how well the robot performed. We note that although this is the traditional

setup of a robot simulation, robot evaluation can also be interleaved with the middle part

of robot simulation, evaluating an objective function at every time step that is accumulated

for analysis. In this case, the objective is referred to as arunning objective (cf �nal

objective). Running objectives are often useful for evaluating quantities such as robot energy

consumptionthroughouta simulation, while �nal objectives are more useful for evaluating

quantities such as total robot progressafter simulation.

The beginning, physical design aspect of robot simulation is a topic covered later in

this thesis when discussing parameterizations and algorithms for co-optimizing robots, and

the end, evaluation aspect of robot simulation is typically simple but will be discussed at

various points throughout this thesis. However, the middle, time evolution aspect of robot

simulation is typically the most complex, and is the main focus of this chapter. However, its

structure is typically similar across domains. The structure is as follows (and illustrated for
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soft robots in Figure 4-4).

At time stepi , a robot has statesi . This state may be very high dimensional, especially

in the case of (in�nitely) high dimensional continuum soft robots.

First, in order for the robot to reason about this high dimensional state, it is summarized

via anobserverfunction. This observer function translates the potentially high-dimensional

state of the robot to what is usually (but not always) a lower-dimensional state, usually from

sensory input. For rigid robots, the observer function is often the identity function relying

on motor encoder values (though it may also involve complex state estimation when a visual

sensing of a rigid robot's environment is involved); for soft robots, it may involve processing

strain or pressure sensor input. We refer to the observation state of the robot at timei aszi .

Fig. 4-4 depicts an observer which summarizes the center of mass and center of velocity of

structured regions of a soft robot.

Second, given a robot observation, a controller processeszi in order to produce an

actuation signalu i . This controller is a function, but is free to ignore the observation input as

in the case of open-loop control and may be time-varying. Other common control functions

include (time-varying) linear-quadratic regulators and neural networks (such as multilayer

perceptron (MLP) controllers). Fig. 4-4 depicts an MLP.

Third, the actuation signalu i is transmitted to the robot's actuators, where it is trans-

formed from a cyber signal into physical actuation. For rigid robots, this could be motor

torques. For soft robots powered by �uidic actuation, for example, this could be pressures

on the actuator walls. Fig. 4-4 depicts a soft robot which translates actuation signals into

expansion and contraction of pneumatic chambers.

Fourth and �nally, the forces, torques, pressures,etc.produced by the actuators are fed

into the time-stepping procedure, which updates robot statesi to si +1 according to actuator

outputs and environment (terrain). This time stepping procedure is based on the physical

dynamics of robot itself. In other words, it is the application of Newton's laws of motion.

We will discuss procedures for time-stepping rigid and soft robots later in this chapter. For

design reasons or physical limitations (such as maximum sensing or actuator frequency),

the time-stepping may occur multiple times before emitting a new statesi +1 to be processed.

This process is called “substepping.”
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The complex middle loop, including substepping is summarized in Fig. 4-4.

For the next two sections of this chapter, we brie�y describe formulations of rigid body,

and then soft body mechanics and simulation, so that they can serve as a framework for later

demonstrations in robot control and co-optimization.

2.2 Rigid Body Simulation

In this section, we provide a brief overview of differentiable rigid body simulation. While not

a contribution of this thesis, rigid body kinematics and differentiable rigid body simulation

are needed for the rigid body co-optimization algorithms presented in Chapter 3. In this

section, we provide a brief recap of rigid body kinematics, before discussing the Manipulator

Equation formulation of rigid body dynamics and rigid body contact.

2.2.1 Kinematics

A rigid body in 2D can be represented with three degrees of freedom (DoF) - its location

in x andy, along with its rotation in thex � y plane. Given any point on the mass's body,

every other point on that body can be deduced from its rigidity. In 3D, the same principle

applies, with the rigid body being describable with six degrees of freedom - its location in

x; y; z and its rotation in roll, pitch, and yaw. For a robot consisting ofn rigid bodies in 3D,

then, we naïvely need6n coordinates to describe it; in 2D, we would need3n coordinates.

However, most rigid robots, and all of the rigid robots we consider in this thesis, in fact,

are describable as kinematic trees. A kinematic tree is a set of rigid bodies connected by

joints such that no loops are formed. A kinematic tree can be put into correspondence with

trees in graph theory — If each robot's link is a node, and each robot's joint is an edge

connecting exactly two nodes (links), a robot is a kinematic tree if and only if its graph

represnetation is also a tree. Directed acyclic graphs and more general graphs form linkages,

which can be overconstrained. Simulating these structures is more complex and outside the

scope of this thesis.

An example of a 2D kinematic tree is found in Fig. 2-1. We assume, for the purposes

of this thesis, that every joint considered on rigid robots is rotational, and provides one
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Figure 2-1: A cartoon of a 2D bipedal robot (a kinematic tree) and its corresponding graph
representation. The root node, labeled1, has 3 degrees of freedom. Links are drawn in both
representations in blue, and edges in gray. The world coordinates of any link on the tree can
be computed by recursively computing the world coordinates of its parents.
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degree of rotational freedom. Extensions to more complex joint types are possible. Note

that from only the global 3 DoF of the root node/link and the rotations of every joint, we can

reconstruct the 3-DoF coordinates of every link. In order to do this, we apply the following

recursive formula. If linkj is a child of linki connected by a joint with current angle� j , the

coordinates of linkj are:

x j = R j (� j )x i + T j (2.1)

whereR j (� j ) is derived from the current rotation of linkj 's parent joint andT j is the

offset of link j from link i in link i 's coordinate frame. Meanwhile, the rotation is simply

the world rotation of linki plus� j . The 3D analogue has the same general formulation, but

involves 3D rotations and translations forR; T . This representation in which we store only

the rigid offset of the base link and the joint coordinates of each robot, referred to as reduced

coordinates. Reduced coordinates are size3 + ( n � 1) in 2D, and6 + ( n � 1) in 3D, a much

smaller number than in the unreduced case. In a �xed base robot (cf �oating base robot)

such as a robot arm (cf untethered quadruped), only(n � 1) coordinates are needed in both

2D and 3D.

2.2.2 Dynamics

Rigid body dynamics follow from Newtonian principles; robots are special in that they

are comprised not only of rigid bodies, but also joints which serve asconstraints. These

constraints force the bodies to continuously affect each other's kinematics and dynamics.

This is manifested in two core ways. First, the degrees of freedom of the system are reduced,

as described above — this simpli�es dynamics but makes describing the “mass” of the

system tricky. Second, each connected link can apply force and torque on its adjacent links

via Coriolis forces.

Consider a kinematic tree with reduced coordinatesq = [ x; v ]T , wherex are the reduced

positions andv are the corresponding velocities. The general form for dynamics of kinematic

trees is described by the manipulator equations:
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H (q)•q = J(q) � C(q; _q) _q� Bu (2.2)

Here,H is a reduced inertia matrix, similar to the “m” in F = ma. Meanwhile, the

remaining forces can be found on the right hand side: First, environmental forces, as a

function of the positional con�guration of the robot, second, the Coriolis forces caused by

the rotation of the joints, and �nally, forces caused by actuator torquesu at the joints.

B is static and simple to de�ne, usually as a diagonal matrix of 1s or 0s depending on if

there is a motor at a given joint.J encodes external forces, such as gravity, whose resultant

torques and forces are straightforward to compute, and normal and frictional forces from

environmental constraints. ComputingH andC, however, require their own algorithm.

There are two common ways to compute forward dynamics : The Recursive Composite

Rigid-Body Method, which builds all of the matrices and solves the resulting linear system

directly, and the articulated body algorithm, also called Featherstone's Algorithm, which

directly computes•q in linear time. Which algorithm to use depends on what information

is needed for your algorithm. For a more detailed description of the computation of these

matrices, please see [90] and [44].

For co-optimization of rigid bodies, it is also important to be able to derive the gradients

of these systems. Given the Manipulator equation derivation, this can largely be derived by

elementary Calculus. The important fact is that the gradients of all quantities are smooth

and continuous outside of regions of joint singularities.

2.3 Soft Body Simulation

Unlike their rigid counterparts, soft robots cannot be described fully with a compact set of

coordinates. This is true both for kinematics and dynamics. The state space of soft robots

are described as a �eld of quantities that varies continuously in Cartesian space. In this

section, we begin by describing the more complex kinematic and dynamic formulation of

continuum elastic mechanics, which are typically used in soft robot simulation. Then, we
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describe more speci�c energy models which help govern the dynamics of different materials,

before brie�y discussing discretization.

2.3.1 Kinematics

Soft bodies can be described as spatially varying �elds in space. We begin with the simplest

quantity: Position. Continuum mechanics de�nes two notions of position, occurring in two

different spaces. The �rst is the position inmaterial space, denoted asX . Material space

coordinates are coordinates that refer to the body of the undeformed elastic material. Each

point in material space maps to a point in world coordinates,x(X ); this point represents

the actual physical coordinates of the point on the material's body when it undergoes

deformation. If this is confusing, an analogy often used in geometry can be helpful here.

Imagine an ant walking along the surface of a material. Assuming the ant can stretch in size

with the elastic material, the coordinates the ant experiences from its point of view are the

material coordinates, while the coordinates an outside observer sees of the ant are its world

coordinates. We typically drop the parameterX in the functionx, for notational simplicity.

As one moves around in material coordinates, the world coordinates deform smoothly

- though they might change differently along different cartesian axes. The deformation

gradient,F :� @x
@X describes the rate at which the material is currently deforming as one

moves in material space. Note that ifx; X 2 Rd, then per tensor calculus,F 2 Rd� d.

Each point in material space can also have an associated world velocity,v(X ) 2 Rd.

The Af�ne Matrix C 2 Rd� d computes how the world velocities change as one moves in

world coordinates,C = @v
@x . Though this may feel unnatural, it has relevance in a simulation

method we will discuss later in this chapter. These position and velocity �elds de�ne the

kinematics of a soft body.

2.3.2 Dynamics

The story when it comes to soft body dynamics is more complex. First, we make the

assumption that soft bodies we are dealing with are hyperelastic (cf elastoplastic), meaning

that any soft object which is deformed will return to its undeformed state in the absence of
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other forces or boundary constraints. Hyperelastic materials can be thought of as complex,

three-dimensional springs. The springy restoring force that returns these hyperelastic

soft bodies to their rest con�guration is usually what one intuitively thinks about when

considering elasticity. In order to describe the dynamics of a soft body, we must �rst

understand the energy functions of hyperelastic bodies.

Strain is de�ned as a distance measure betweenX andx computing the spatially varying

deformation of a soft body. It can be directly computed throughF. Many de�nitions for

different strain measures exist and are typically de�ned for engineering convenience. We

will discuss these brie�y when we discuss material energy models. For now we de�ne the

energy density scalar �eld as	( F(X ); X ). The energy over a region
 is then de�ned as:

E =
Z



	( F(X ); X )dX (2.3)

and, by the de�nition of force in classical Newtonian mechanics, the elastic forcefe

becomes:

fe = �
@E
@X

(2.4)

Given a (material-dependent) de�nition of	 , this provides a recipe for analytically

computing the the elastic forces of a system, which can then be time integrated, along with

v, to update soft body system dynamics.

There is one sticking point in the above discussion. Energy is de�ned as an integral

over an energy density function over an in�nitessimal region, which is then differentiated

in order to compute a force. Except in the most well-behaved of circumstances, this will

be impossible to compute analytically. How to accurately and ef�ciently approximate the

spatially varying forces of an elastic body is the topic of discretization, which we discuss

brie�y.

Before discussing discretization, however, we mention one other property important for

soft bodied simulation — the1st Piola-Kirchhoff stress tensor,P 2 Rd� d. This is a pressure
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�eld that, like strain, provides a useful intermediate quantity when simulating soft bodies

(and one which we can directly manipulate in order to inject �uidic actuation into a soft

robot model). Its formal de�nition isP(X ) = @	( @X )
@F (X ) . Since this is similar to the de�nition

of force without the integration step, it can also be thought of as a type offorce density.

2.3.3 Discretization and Contact

Except in the most idealized of cases, it will be impossible to fully analytically compute the

values of the �elds described above everywhere in space. Since we also cannot numerically

compute the value everywhere in space (doing so would require an in�nite amount of compu-

tational resources), soft body simulators seek to approximate these valuesvia discretization.

The idea is that if the discretization is �ne enough, the computation converges in accuracy.

There are several ways to go about discretizing a soft body, but typically, representations

are always nodal in some fashion. That is, we approximate a large region through a number

of sampled points in space. The state of a soft body then is approximated by a number of

discrete, �nite values — the positions, velocities, and deformation gradients at each sampled

point. A soft body is treated as a collection of rigid particles, held together by elastic force.

In order to compute energies, forces, and or stresses throughout the soft body, integrals

are approximatedvia quadrature rules. These integration rules are across neighborhoods

of nearby points. How these neighborhoods and integration rules are de�ned depends on

the simulation method itself. One popular simulation method is the �nite element method,

where nodes are meshed, and integration (and force computation) occurs over the mesh

elements. Another method, described below, updates system momentum using a background

global grid and advecting the nodes (called particles).

Finally, boundary conditions are most easily discussed in the discrete case. For �nite

elements, similar to the rigid robotics case, resolving contact can be thought of as applying

normal and frictional forces on the �nite set of rigid nodes. It is equivalent to treating each

node as a point on a rigid body. In the case of the material point method, as we will describe,

collisions can be handled directly by computing the net momenta on the background grid,

and disallowing penetration through the boundary.
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2.3.4 Material Models

The �nal consideration in simulating soft bodies is the elastic energy model used for deriving

the elastic force. These different energy models have different tradeoffs. Different energy

models can be used to model materials with different chemistries. Some energy models

are accurate for large deformations, while others are only accurate for small deformations.

Some energy models are still accurate under rotations, while others are not. Finally, some

energy models have nice numerical properties, such as differentiability or linearity.

We describe three material models here — the linear material model, the �xed corotated

material model, and the NeoHookean material model. In our experiments, we typically rely

on the NeoHookean material model, but also sometimes use the �xed corotated material

model.

The linear material model is de�ned as:

 (F) = � � : � +
�
2

tr 2() (2.5)

where� is the small strain tensor� = 1
2(F + FT ) � I . This is referred to as linear

elasticity since it yields the stress tensor:

P(F) = � (F + FT � 2I ) + � tr( F � I )I (2.6)

which is linear inF. � and� are the lamé parameters, which are functions of the system

Young's modulus (stiffness)
 and Poisson's Ratio� (compressibility):

� =



2(1 + � )
(2.7)

� =

�

(1 + � )(1 � 2� )
(2.8)

The corotated linear model is de�ned as having energy model:
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 (F) = � kS � I k2
F +

�
2

tr 2(S � I ) (2.9)

which yields:

P(F) = 2 � (F � R) + �tr (R T F � I )R (2.10)

Here,R is the rotational component ofF, computablevia the (differentiable) polar

decomposition andS is the scaling component.

This is often slightly modi�ed to have increased stability, yielding the “�xed” corotated

model:

P(F) = 2 � (F � R) + � (J � 1)JF � T (2.11)

whereJ = det( F). The corotated linear model is named thus because the stress tensor

is still linear inF but is also invariant under rotations, while the linear elastic model is not.

Finally, the NeoHookean model is used for accurate simulation of rubbers and silicones:

 (F) =
�
2

(tr( FT F) � 3) +
�
2

log2(J ) (2.12)

and

P(F) = � (F � F � T ) + � log(J )F � T (2.13)

This nonlinear material model is more accurate for large deformations, but care must be

taken as there exists a singularity atJ = 0

We note that there exists a re�nement that is often considered even more accurate than
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NeoHookean materials for soft robotics, the Ogden material model [75]. However, its energy

density is de�ned as a function of eigenvalues of the deformation gradient. When these are

the same, the gradient is unde�ned, making the model nondifferentiable. This is problematic

for gradient-based optimization, since equal eigenvalues is quite common: see, for example,

even the fully undeformed systemF = I !

2.4 Time integration

In rigid body and soft body simulation, the story is the same — from analyzing the state

(and thereby energy) of the system at a point in time, one can determine the velocities of

that system and the forces acting upon and within it. But, in order to evolve the system,

these velocities and forces must be used to determine the new positions and velocities of

the system, some amount of time in the future. This is where time integration comes in.

It is impractical to perform this update in a continuous matter. Doing so would require

an analytical expression of the system's time evolution, which is typically not possible, or

breaking the system down into an in�nite number of in�nitessimal time steps, which is

intractable. Thus, time must be discretized into a �nite number of time steps. Between each

point in time into which the system is discretized, the evolution of the system between those

points is computed. This process is referred to astime integration. It is a process that is

general to numerically solving differential equations, but holds particular importance in

simulation.

Time integration schemes typically come in three �avors. These are referred to as explicit

Euler, semi-implicit Euler, and implicit Euler. Consider two points in time, indexed byi and

i + 1, with the goal of evolving the system from timet i to timet i +1 . In explicit integration,

the forces and velocities computed at timet i are used to update the state positions att i to

produce system positions and velocities at timet i +1 . In implicit integration, the unknown

forces and velocities at timet i +1 are used to apply the integration. Since they are typically

unknown, these values must be solved for in an iterative process, at the same time that the

system is time evolved. Finally, semi-implicit integration �nds a middle ground between

these two approaches, �rst solving for just the unknown system velocities at timet i +1 using
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implicit integration, and then using this to directly apply an explicit step for the system

positions. While it may seem unnatural to many different types of numerical integration

schemes, such diversity is even present in Calculus 101, and can be thought of as computing

different types of Riemann sums while simultaneously computing a time-evolving function.

In practice, implicit integration methods have high stability, allowing one to take large

time steps. This comes at the cost of accuracy. Meanwhile, explicit and semi-implicit

methods are both more accurate, but require smaller time stepping to avoid system explosions

or implosions. In the work presented in this thesis, we use implicit integration for rigid-

body dynamical systems in which we want to take large time steps (for tractability of

the surrounding co-optimization algorithm), and semi-implicit integration for soft-body

dynamical systems. Since we GPU accelerate our soft-body simulation algorithm, this

offsets the cost of taking more time steps. We note that, despite allowing larger time steps

to be taken an implicit integrator does not always have lower computational cost than an

explicit integrator, since computing each step of implicit integration is more expensive than

an explicit or semi-implicit step.

Although time integration is often performed with a constant time step, there are cases

in which a variable time step must be used. The most common of these cases in robot

simulation is in the presence of contact with the environment. If a constant time step is used

and it is large compared to system velocities, it is possible that a robot will be outside of,

say, a wall at timet i , but inside a wall at timet i +1 . Rather than simply choose a static, small

time step� t, which would be inef�cient, one may choose to use a large time step and adapt

to a smaller time step in the presence of potential collisions.

One simple method for handling such collisions is as follows. Given a statet i , the

simulation is simulated forward with a time step� t. If, at timet i + � t, the system is in an

invalid state (penetrating a surface, for example), the time step is decreased to� t=2. The

system is then re-simulated forward tot i + � t=2. This process is then repeated, shrinking

the time step, until the integrated system is in a valid state; if this process occursk times

before a valid integrated state is found, then we havet i +1 := t i + � t
2k � 1 . More complex (and

ef�cient) methods also exist; these are outside the scope of this thesis, please see [72] for a

survey.
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Two �nal notes on time integration in the context of the work presented in this thesis.

First, even in the case of variable time steps, it should be clear that system gradients are

equally as valid. Second, note that time integration methods that search for penetration

always take a step size that is smaller than or equal to� t, meaning that if a stable� t is

chosen, it will usually still be stable even after applying such methods.

In Chapter 4, we discuss the differentiable material point method, which we use for

our soft robotics work. This method features robust, built-in contact handling with the

environment and thus we do not use an adaptive time stepping scheme, though it would be

interesting to consider in the future.

2.5 Notation

Moving forward, we will begin developing layers of the computational robot design stack

for more dynamic, task-driven rigid and soft robots. For this purposes of this thesis, we use

the following (consistent) notation, and note the following conventions.

A scalar,a, will be written as lowercase, unbolded text. A vector,a, will be written

as lowercase, bolded text. A matrix,A , will be written as capitalized, bolded text. An

unbolded symbol with a subscript,ai , denotes an entry in the symbol's bolded counterpart

ai (c.f., matrices,A ij vs. A ij . Other uses of subscripting may include time indexing;e.g.

for a continuous functionf (t) parameterized by a continuous time variablet, f (t) , f t

for notational convenience. Any other use of superscripts (other than exponentiation) or

prescripts will be de�ned in the section in which they are introduced.

This thesis largely covers topics in robotics, control, and computational design, speci�-

cally focusing on the interplay between the cyber (control, proprioception, and task planning)

and physical (physical shape/topology, sensorization, actuation, and materiality). Through-

out this thesis, the following notation will be consistently used. All coordinates are in

reduced coordinates unless speci�ed otherwise.
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Symbol Meaning

x Positional coordinates of robot

v Velocity coordinates of robot

q Robot state (position and velocity)

� Contact forces

_a Time derivative ofa

u Robot actuation vector (for all actuators, maybe multitple time steps)

f A general force vector

� Robot physical design parameters

� Robot control policy parameters for closed-loop control (except when clearly describing geometric angles)

� Proprioceptive model parameters (for soft robots)


 Young's Modulus (spatially indexed)

� Poisson's Ratio (spatially indexed)

m Mass (spatially indexed)

� A dataset

L(�) A loss function, for optimization scenarios
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Chapter 3

Algorithms for the Co-Optimization of

Rigid Robots

The design of robot bodies and brains are innately coupled problems. Changes in physical

robot designs often require modifying or completely redesigning their behaviors. Similarly,

if behaviors that satisfy user constraints do not exist for a given robot in solving a required

task, its mechanical design must be revisited.

Consider, as a motivating example, a Hexapod (Fig. 3-1) that must walk to and press a

button0:15m off the ground, while remaining planted on the ground itself. With leg lengths

of h = 0:10 m, this is an impossible task as the Hexapod is not tall enough. However,

lengthening the legs increases the torque effected by gravity on the leg joints, making it more

dif�cult for the robot to walk. As the physical design changes, the motion and actuation for

walking changes,e.g. legs with greater mass require more actuation; longer legs are able to

traverse longer distances per gait cycle. Actuator selection needs to be considered as well. If

smaller motors are used, link masses may need to be decreased in order to enable the desired

robot motion; if larger motors are used, the robot chassis may need to grow to �t them.

Parametric task-driven robot design traditionally involves several steps. Designers must

begin by deciding, at a high level, how the robot will look and move, including what its

method of movement and actuation will be. Following this, designers typically select

actuators, settle on precise robot dimensions, materials, and other physical properties. When

the robot has been fabricated, motions must be programmed and tested. This process can
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Figure 3-1: A Hexapod robot must walk forward to hit a button on the wall. a) The
Hexapod's legs are too short to reach the button. b) Lengthening the legs makes the Hexapod
tall enough to reach the button c) Shortening the body allows for motions that are both
feasible and require less energy.

require many design iterations before the desired robot is built and able to complete the

speci�ed task.

As an alternative approach, consider the following work�ow. A computer algorithm

could computationally optimize the robot's motion. After that process has converged to a

local optimum, it can then pivot to optimize over the physical design domain, optimizing

physical body parameters. Then, afterthat process has converged, the algorithm could pivot

to optimizing over actuator selection. The algorithm could then pivot back to optimizing

over control, and pivot over each domain until all three domains simultaneously converge.

The above work�ow appears attractive, injecting computer optimization into the tradi-

tional manual work�ow. However, this alternating optimization is rife with problems, which

can be made especially clear by considering the above Hexapod example. This is a problem

with constraints: The robot must be at least a speci�c height in order to complete the task;

elected actuators must �t in the body of the robot, and so on. These constraints affect each of

the other domains' decision variables, and potentially restrict them to a very small subspace

of solutions. For example, once a body parameterization and a motion have been found that

solve the problem, it is impossible to make changes to the body that alter the �nal height of

the chassis while maintaining feasibility of the solution. The robot can then become locked
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into a suboptimal design. When both motion and physical body parameters are considered

simultaneously, motion parameters may be altered and the body parameters can be altered

simultaneously to compensate, maintaining feasibility while also improving the robot's

performance. As an additional concern, such alternating optimization algorithms have no

guarantee of converging. We should stress that alternating optimization algorithm schemes

dohave merit, especially in the unconstrained scenario; we will discuss one algorithm which

relies on this method in Chapter 5.

Our solution method is rooted in trajectory optimization. For those seeking an intro-

duction to the types of methods used in this chapter, please see [144, 117, 150]. Trajectory

optimization is a technique for �nding kinodynamically feasible robot motions subject to

constraints such as actuation limits, desired position and velocity states of the robot at

certain times (e.g.starting pose), and environmental constraints, such as non-penetration

with terrain or obstacles. Further, trajectory optimization methods optimize these feasible

motions for speci�ed objectives, such as minimizing energy expenditure, maximizing robot

speed, and so on.

Traditional trajectory optimization methods typically operate on decision variables that

include the robot state, actuation, and contact forces. We demonstrate that robot design

parameters can be incorporated seamlessly into trajectory optimization problems, enabling

the concurrent solution of robot trajectories, actuator selection, and physical designs.

We contribute the following:

• An algorithm for performing trajectory optimization with full dynamics while co-

optimizing over physical design parameters and actuation requirements, with no

prescribed gaits for walking robots.

• A system in which ef�cient evaluation of costs and constraints and their gradients

and Jacobians respectively is achieved through symbolic representation of the robot's

state, actuation, contacts, and parameters.

• Demonstrations of motions on a physical prototype created using our approach.

We introduce parametric methods for co-optimizing a robot's physical design and its

motion. In this chapter, we focus on rigid robots; in the next chapter, we turn our attention
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to soft robots. (These provide a basis for layer 4 of the robot design stack.) Speci�cally,

here we focus on geometric/inertial parameters, discrete actuator selection, and open-loop

control.

In this chapter, we describe an algorithm (dubbed parametric trajectory optimization) for

co-optimizing rigid robots over kinematic and inertial physical design parameters, actuation

requirements, and robot motions. As input, the method requires only a coarse guess of the

target robot motion and parameterized robot topology. We demonstrate that by optimizing

robot body parameters alongside robot trajectories, motion planning problems which would

otherwise be infeasible can be made feasible, and actuation requirements can be signi�cantly

reduced. We demonstrate our results on four simulated robots, one of which we physically

fabricated in order to demonstrate physical consistency.

3.1 Parametric Trajectory Optimization

We frame co-design of robot structure, actuation, and motion as a parametric trajectory

optimization problem, naturally folding in design parameters as additional variables atop the

traditional trajectory optimization framework. By incorporating parameters directly in the

optimization step, our method is able to alter the robot's physical structure to make otherwise

infeasible tasks feasible, as well as optimize robots for tasks such as path following or

forward walking. Our method exploits symbolic differentiation in order to compute gradients

(Jacobians) of constraints with respect to physical parameters, enabling ef�cient optimization

of these structural parameters. While we pay special interest to ground locomotion due to

the complexity of the task, our method is general to a gamut of robot models and tasks.

Our algorithm solves for robot designs and fully dynamic motions. It ensures dynamical

consistency by employing kinodynamic direct transcription trajectory optimization, solving

for contact forcesvia implicit contact constraints as in [117]. Our algorithm operates in the

continuous domain by solving for the robot state at discretized knot points and integrating

the robot dynamics between them.

Together, these objectives and constraints combine to form a complex nonlinear program
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of the form:

min
h;q1 :::qk ; _q1 ::: _qk ;� 1 :::� k ;u 1 :::u k ;�

G (3.1)

subject to dynamics, contact constraints,

actuation constraints, parametric constraints;

design constraints, and task constraints

whereGis an objective function operating on the variables, andq; � andu are robot state,

contact forces, and actuation, respectively. We describe this model in more detail throughout

the remainder of this section.

3.1.1 Robot Speci�cation and Dynamics

Formally, letR be a user-speci�ed robot model comprised of links and joints with design

parameters� 2 Rp. These design parameters may include, for each link, a parametric

representation of its geometry and mass, as well as functions which de�ne the link's inertial

tensor, center of mass, and so on. Each joint may be actuated or non-actuated, and each

actuator may possess torque limits.

Consider, for example, our Hexapod model. Here,� includes as geometric variables the

body length, width, and height and the length of each leg link, with the other dimensions

�xed. � also includes mass variables, namely the body mass and the leg mass (the same for

each leg). The geometry of each link is a rectangular prism. We model each link as uniform

density. We set the inertial tensor of each legL speci�cally to be:
0

B
B
B
@

m(w2
L + d2

L )=12 0 0

0 m(L 2
L + d2

L )=12 0

0 0 m(L 2
L + w2

L )=12

1
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whereL L andmL are parameters length and mass parameters of linkL respectively. The

width wL and depthdL of link L is constant in this case.

Key to our algorithm is paying special care to the effect of such parameters on robots'
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motion constraints. As dynamic constraints, we require:

8t; [ _q(t); •q (t)]T = f (q(t); _q(t); u(t); � (t); � ) (3.2)

Heref is a function governing the dynamics of a robot, andq(t) 2 Rn ; _q(t) 2 Rn ; u(t) 2

Rm ; � (t) 2 R6l ; and� 2 Rp) are the robot state, time derivative of the robot state, actu-

ation inputs (torques or forces), and contact forces at timet, and the design parameters,

respectively. Parameters are a static attribute of the robot and are thusnot a function of time.

By discretizingt into a vector ofK (ordered) knot pointst 2 RK , we can write,

employing the backward Euler integration method:

8k 2 1: : : K; [qk + 1; _qk + 1]T = [ qk ; _qk ]T +

f (qk ; _qk ; uk ; � k ; � )dtk

wheredtk = t k + 1 � t k

Again, note that� is constant overall knot points. Speci�cally, forf , we compute

the forward dynamics of the robot in order to compute the robot's manipulator equations

and invert the equations in order to solve for[ _qk ; •q k ]T . In other words,f (qk ; uk ; � ) is

computed by solving the parameterized manipulator equationsH (qk ; � ) •q k + C(qk ; _qk ; � ) _q+

g(qk ; � ) = B(qk )u + J� k for [ _qk ; •q k ]T . Here,B is the robot's control matrix,J is its

contact point Jacobian matrix,H is its inertial matrix,C is its Coriolis matrix, andg are

forces due to gravity.H is computed using the Composite-Rigid Body algorithm, andC is

computed using the recursive Newton-Euler method.

For the contact forces, we add� = [ � z; � �
x ; � +

x ; � +
y ; � �

y ; 
 ]. Here,� z is the normal for

each ofl potential contact forces,� +
x ; � �

x ; � +
y , and� �

y are the bilateral sliding contact forces

along the friction cone, and
 is a slack variable in order to allow for sliding of the contacts.

In practice, similar to [117], we add additional slack variables when solving the nonlinear

complementarity constraints to make the problem better conditioned numerically.

For our Hexapod example, we model the center of each foot as being a potential contact
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point, givingl = 6. We then add constraints at each knot pointk as:

� (qk ; � ) � 0 (3.3)

� k;z ; � +
k;x ; � �

k;x ; � +
k;y ; � �

k;y ; 
 k � 0 (3.4)

�� k;z � � +
k;x � � �

k;x � � +
x;y � � �

k;x � 0 (3.5)

� (qk ; � )T � k;z = 0 (3.6)


 k +  (qk ; _qk ; � )T êx � 0 (3.7)


 k �  (qk ; _qk ; � )T êx � 0 (3.8)


 k +  (qk ; _qk ; � )T êy � 0 (3.9)


 k �  (qk ; _qk ; � )T êy � 0 (3.10)

(�� k;z � � +
k;x � � �

k;x � � +
x;y � � �

k;x )
 k � 0 (3.11)

(
 k +  (qk ; _qk ; � )T êx )� k ;x
+ = 0 (3.12)

(
 k �  (qk ; _qk ; � )T êx )� k ;x
� = 0 (3.13)

(
 k +  (qk ; _qk ; � )T êy)� k ;y
+ = 0 (3.14)

(
 k �  (qk ; _qk ; � )T êy)� k ;y
� = 0 (3.15)

Here,� i (�) is the signed distance between contacti and the terrain, and i (�) provides

the relative tangential velocity of each contact. (Note we have dropped the contact indexing

i in the constraints above for readability.) The �rst constraint encodes non-penetration;

the second constraint is necessary for breaking the contact forces into slack and bilateral

components. The third constraint enforces friction cone constraints, and the fourth constraint

encodes the strict complementarity of contacts. The remaining constraints introduce the

tangential velocity term to the previous constraints in order to allow for sliding in the

contacts.

The decision to use an implicit contact constraint formulation is important for two

reasons. First, it lessens the speci�cation requirements for the user. As we are concerned

with allowing users to design robots from high-level design goals, we consider such details

to be a burden. Second, constraining foothold patterns can shrink the design space. This

may make it impossible for the optimizer to �nd feasible designs and motions for a given
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task, even if feasible designs would otherwise exist; or, those solutions the optimizer �nds

may be highly suboptimal. By solving for contacts as we search for motions, we allow the

optimizer to search over the space of all robot designs and motions at once.

3.1.2 Constraints

In addition to the robot, users may specify three types of problem constraints - parametric

constraints, task constraints, and design constraints.

As a bare minimum for parametric constraints, we require an upper and lower bound on

each design parameter in order to prevent degenerate solutions. If a user desires, auxiliary

constraints may be added which establish a necessary relationship between parameters;

these are useful for describing fabrication constraints. For example, the minimum possible

mass of a robot may be a function of its size. For our Hexapod example, we require the

(obvious) constraint that masses and dimensions must be positive, and specify an upper and

a lower bound on each.

Task constraints, which de�ne the robot's function, are kinematic in nature. These

constraints allow users to specify the con�guration (including world pose) of the robot, the

position of any pointon the robot in the world frame, and prescribe velocities of any of the

robot's degrees of freedom. For walking robots, we also automatically add the constraint

that links without contact points must not collide the ground (unless such a collision is

explicitly requested by a user).

In our Hexapod task example, we add three task constraints: that our robot is upright on

the ground with_q1 = 0 at the �rst knot point, that our robot is upright on the ground with

_qK = 0 at the �nal knot point, and that the front and center of the robot's body is at a height

of 0:15m.

Design constraints de�ne a mapping between actuation and design parameters. Higher

power-output motors tend to be larger in both size and mass. We assume designers have

access to a discrete collection of motors with which to build their robots. Each motor is rated

with a maximum power output, and comes with its own design restrictions; speci�cally, they

must �t on the robot in the speci�ed locations, and the robot must be able to manage their
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