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Abstract

Designing robots with extreme performance in a given task has long been an exciting
research problem drawing attention from researchers in robotics, graphics, and artifi-
cial intelligence. As a robot is a combination of its hardware and software, an optimal
robot requires both an excellent implementation of its hardware (e.g., morphological,
topological, and geometrical designs) and an outstanding design of its software (e.g.,
perception, planning, and control algorithms). While we have seen promising break-
throughs for automating a robot’s software design with the surge of deep learning in
the past decade, exploration of optimal hardware design is much less automated and
is still mainly driven by human experts, a process that is both labor-intensive and
error-prone. Furthermore, experts typically optimize a robot’s hardware and software
separately, which may miss optimal designs that can only be revealed by optimizing
its hardware and software simultaneously.

This thesis argues that it is time to rethink robot design as a holistic process where
a robot’s body and brain should be co-optimized jointly and automatically. In this
thesis, we present a computational robot design pipeline with differentiable simula-
tion as a key player. We first introduce the concept of computational robot design on
a real-world copter whose geometry and controller are co-optimized with a differen-
tiable simulator, resulting in a custom copter that outperforms designs suggested by
human experts by a substantial margin. Next, we push the boundary of differentiable
simulation by developing advanced differentiable simulators for soft-body and fluid
dynamics. Contrary to traditional belief, we show that deriving gradients for such
intricate, high-dimensional physics systems can be both science and art. Finally, we
discuss challenges in transferring computational designs discovered in simulation to
real-world hardware platforms. We present a solution to this simulation-to-reality
transfer problem using our differentiable simulator on an example of modeling and
controlling a real-world soft underwater robot. We conclude this thesis by discussing
open research directions in differentiable simulation and envisioning a fully automated
computational design pipeline for real-world robots in the future.

Thesis Supervisor: Wojciech Matusik
Title: Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

Designing a robot with optimal performance for a given task has long been an ex-
citing research problem in robotics, graphics, and embodied intelligence. Finding an
optimal robot requires a deep understanding of its body and brain, i.e., a good robot
design must consist of both good hardware and good software. Many traditional
computational methods focus on exploring the software space only, e.g., via mathe-
matical tools and numerical algorithms developed for perception, sensing, planning,
and control. However, these methods typically overlook the need to design the ge-
ometry, morphology, or topology of robotic agents computationally: Today, it is still
common to ask an experienced mechanical engineer instead of a computational design
algorithm to drive a robot’s hardware design manually, which is often labor-intensive
and error-prone.

In this thesis, we argue that this human-guided design process suffers from two sig-
nificant drawbacks: First, the robot’s hardware and software are optimized separately,
which may miss optimal designs that can only be discovered by joint optimization of
both. Second, and more importantly, as engineers drive the whole design process, its
quality relies heavily on one’s domain-specific knowledge or prior design experience.
Can computational methods outperform human experts in designing a robot? This is
the core question we ask and attempt to answer in this thesis.

1.1 Traditional Robot Design

We first review the basic idea behind a traditional robot design process before dis-
cussing the core techniques we developed in this thesis. Consider designing an
aerial robot that aims to carry as much payload as possible (Fig. 1-1). We start
by parametrizing the design of a robot using discrete and continuous parameters. For
example, discrete parameters may include the number of actuators, the topological
structure, and the control hierarchy, and continuous parameters can include the geo-
metrical size of a component, the material properties, and coefficients in a controller.
Traditionally, an engineer first proposes an educated guess of the continuous and
discrete parameters that determine an initial hardware and software prototype. She
may then evaluate the proposed design in simulation, analyze its results, and make
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adjustments to both discrete and continuous design parameters. For example, with
the goal of maximizing the payload in mind, she may propose using lighter and wider
foam wings based on her domain-specific knowledge or past design experience. Once
she is content with the simulation results, she builds a hardware prototype, collects
data from real-world experiments, and makes further adjustments to the design pa-
rameters as well as the simulation model based on feedback from both simulation and
experiments. This process typically iterates multiple times before converging to an
optimal design. As can be seen from the description above, the whole procedure is
mainly driven by the engineer’s experience and expertise.

Figure 1-1: An example of designing a real-world multicopter. Human experts (red blocks)
play a central role in iterating the design.

1.2 Thesis Overview
This thesis argues that it is now the right time to revolutionize this human-in-the-
loop design process by making computational methods a first-class citizen. With
the recent development of more powerful computing platforms and more advanced
simulation, optimization, and learning algorithms, this thesis focuses on automating
a subset of the design process in Fig. 1-1 with the following simplification: First,
we skip the exploration of discrete parameters and focus on optimizing continuous
design parameters. Throughout the thesis, we will assume all discrete parameters
are given and fixed by a user. Second, we limit the scope of hardware and software
optimization to continuous shape and control parameters only. Other hardware or
software components like sensors, actuators, or perception algorithms are beyond
the scope of this thesis. We provide an overview of the computational robot design
pipeline with the simplifications described above in Fig. 1-2, and we will briefly discuss
our other research work that can help to remove these simplifications at the end of
this thesis.

The core technique in this thesis is the development and usage of differentiable
simulation, a recent simulation methodology that we believe can be a crucial player in

20



Figure 1-2: A computational robot design pipeline covered in this thesis. Compared with
Fig. 1-1, we skip the discrete design parameters and focus on optimizing shape and control
designs. Also, note the central role of differentiable simulation in the pipeline.

realizing a computational robot design pipeline. Unlike traditional simulation tools
that only evaluate a robot’s performance passively, a differentiable simulator connects
a robot to its performance by backpropagating the gradient of a performance metric
to the continuous shape and control parameters. Such gradient information unlocks
continuous optimization algorithms for the continuous shape and control design space.
In the first part of this thesis (Chpt. 3), we will demonstrate this computational de-
sign pipeline and motivate the usage of a differentiable simulator using a case study
on real-world multicopters [43]: In this work, we build a differentiable rigid-body
simulator and leverage its shape and control gradients to explore various geometric
designs of functional copters effectively. The new copter design discovered by our
computational pipeline is then evaluated in real-world flight tests, in which we ob-
serve substantial improvement (e.g., 30% increase in its maximum payload) in its
performance compared with a manual design created by human engineers.

The success in multicopter design shows the power and potential of a compu-
tational pipeline equipped with a differentiable simulator in real-world robot agent
design problems. To extend this pipeline to supporting more complex robots, we intro-
duce two advanced differentiable simulators for more intricate and higher-dimensional
physics systems. In the second part of this thesis (Chpt. 4), we present a differentiable
soft-body simulator [44] and a differentiable fluid simulator [45] with tens of thou-
sands of degrees of freedom. Contrary to the common belief that adding gradients to
a physics simulator requires merely a procedural application of existing mathematical
tools (e.g., the chain rule, the adjoint method, and sensitivity analysis), we use these
two advanced differentiable simulators to show that deriving gradients can be both a
science and an art. Specifically, by identifying the numerical pattern in the govern-
ing equations of these systems, we show that we can obtain substantial speedup and
simplicity from carefully crafted numerical solvers. Furthermore, the speedup paves
the way for us to extend our pipeline [43] to soft and underwater robots because
simulation and gradient computation in these robots are the typical computational
bottleneck.
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The more powerful soft-body and fluid differentiable simulators we have developed
unlock exciting soft and underwater robotics applications. Moreover, these physics-
based simulation tools pave the way for transferring design results in simulation to
reality, known as the simulation-to-reality (sim-to-real) task. In the last part of this
thesis (Chpt. 5), we will present a solution to the sim-to-real task and demonstrate
it on a real-world soft underwater robot modeling and control problem [41] that
we manage to solve with the help of our advanced differentiable simulator [44]. In
particular, we present a Starfish robot and show that we can use our differentiable
simulator to jointly identify its system parameters and propose effective open-loop
control signals.

1.3 Contributions
This thesis contributes the following:

• A computational co-design and co-optimization pipeline that jointly optimizes a
rigid robot’s shape and control with a demonstration on real-world multicopter
design problems [43];

• A physics-based, efficient, robust soft-body differentiable simulator [44] and its
applications in system identification, trajectory optimization, and closed-loop
control;

• A physics-based, differentiable Stokes-flow fluid simulator [45] and its applica-
tion in designing functional fluidic devices;

• A computational, differentiable-simulation-based method for narrowing sim-to-
real gaps and its application in modeling and controlling a real-world soft un-
derwater robot [41].

1.4 Thesis Impact
We believe that the computational methods developed in this thesis and their future
directions can fundamentally change the way engineers build robots in the future. The
traditional robot design, optimization, and fabrication processes are mainly manual,
with computational methods playing a secondary role. The computational robot
design pipeline presented in this thesis provides a digital solution that is faster and
less error-prone than the traditional, human-guided design process. We demonstrate
in this thesis the efficacy of this computational design pipeline in co-designing and
co-optimizing multicopters, and we believe that designing other types of rigid robots
like quadrupeds or manipulators can also benefit from our pipeline.

A second positive impact that our thesis brings is the development of advanced
differentiable simulation methodology. Without a fast and robust differentiable sim-
ulator, it would not be possible to apply the computational robot design pipeline
to more sophisticated robotic systems with high DoFs, e.g., soft manipulators or
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soft underwater robots. The efficient differentiable simulators developed in this the-
sis tackle this exact problem, unlocking the full power of computational methods in
downstream applications relevant to designing soft robots, e.g., system identification,
motion planning, and controller design.

Lastly, this thesis provides a new, differentiable-simulation-based method for nar-
rowing the sim-to-real gap when transferring computationally designed robots in sim-
ulation to their hardware platforms. In particular, the efficient differentiable simulator
developed in this thesis makes it tractable to identify the system parameters and nar-
row the reality gap of a soft underwater robot, bringing new opportunities in soft
robot design, control, optimization, and fabrication.

We hope that the differentiable simulators developed in this thesis [43, 44, 45],
along with the proposed computational design pipeline [43] and the discussion on
sim-to-real transfer [41], will push the frontier of robot design in multi-physics envi-
ronments and unlock new opportunities in upstream and downstream applications,
including shape representation and analysis in computer-aided design (CAD) [42],
morphological design of soft robots [99], robotic planning and control [44], and multi-
objective design and optimization [98].
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Chapter 2

Related Work

This chapter reviews previous papers from the three most relevant topics to our thesis:
computational robot design (Chpt. 3), physics simulation (Chpt. 4), and sim-to-real
transfer (Chpt. 5).

2.1 Computational Robot Design

As we discussed in the previous chapter, our computational robot design pipeline
focuses on jointly optimizing a robot’s shape and controller design. Here, we review
previous papers on computational robot design and classify them into three categories:
shape design, controller design, and co-design of both shape and control.

2.1.1 Shape Design

Related work on the computational design of a robot’s shape can be traced back
to early papers about the computational fabrication of static and dynamic objects
without controllers, e.g., designing plush toys [109], furniture [122, 146, 83, 127],
clothes [147], inflatable structures [133], wire meshes [54], mechanical objects [79,
166, 31], and masonry structures [158, 151]. Previous papers have also discussed the
computational design of objects with more dynamic motions [8].

Designing a robot’s shape is typically much more complex than the papers above
because of the existence of control signals over a long time horizon. Therefore, pre-
vious papers about shape optimization typically apply their methods to passive dy-
namical systems. For example, Umetani et al. [148] present a system that allows
the user to design the shape of free-form hand-ranching gliders. Martin et al. [102]
present a data-driven approach to capture parameters of an omnidirectional aerody-
namics model, which is then used to design three-dimensional kites. Bharaj et al. [17]
present a method that leverages physical simulation and evolutionary optimization
to refine the mechanical designs of automata such that the resulting toys can walk.

Compared with designing a rigid robot’s shape, designing the shape of a soft robot
is even more challenging because of its large degrees of freedom (DoFs), and related
work is much sparser. One common strategy is to run genetic algorithms to evolve
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a voxel-based soft robot design in simulation [66], leading to computer-designed soft
robots that can walk, swim, and grow [29, 32, 20]. The strategy in this thesis is quite
different from these works in that we rely on differentiable simulation and gradient-
based optimization methods to design a robot, which is typically much more sampling
efficient.

2.1.2 Controller Design

Compared with shape design, designing a robot’s controller is more automatic and
can enjoy many well-developed tools and techniques. Previous papers have pro-
posed many computational methods for designing, editing, and optimizing control
signals in systems like walking robots [152, 30], mechanical characters [31], swimming
characters [88, 141], birds [160, 76], and gliders [148]. Particularly, for the sake of
efficiently generating artist-desired animations, a large variety of optimization algo-
rithms have been developed in the effort to edit and control the dynamics of rigid
bodies [118, 145, 74, 140, 88]. Apart from optimization-based methods, it is also
worth mentioning the success of (reinforcement-)learning-based controller design in
many real-world robots [162, 163, 72]. Optimizing a soft robot’s controller is also cov-
ered in previous papers. e.g., controlling soft swimmers [107] or soft quadrupeds [15].
However, it is still an under-explored area because of the computational bottleneck
from simulating and optimizing many DoFs in a soft robot.

2.1.3 Co-Design and Co-Optimization

Jointly optimizing a robot’s shape and control is a challenging problem due to their
intricate coupling. Therefore, perhaps not surprisingly, research on co-design and
co-optimization of a robot is sparse and starts to draw people’s attention only in
recent years. Besides our work in Chpt. 3 and its related work, there are also a few
other co-design and co-optimization strategies from the literature: Deimel et al. [37]
present a method for co-designing a soft hand’s morphology and control signals based
on fast forward simulation. In addition, Wang et al. [156] represent robot designs
as graph networks and co-optimizes a robot’s topology and controller. Compared
with their methods, this thesis takes a fundamentally different approach based on
gradient-based optimization in a continuous domain of design parameters.

2.2 Physics Simulation

Simulation is a critical ingredient in our computational robot design pipeline. In
Chpt. 4, we introduce differentiable soft-body and fluid simulators, which we build
upon previous work on soft-body simulation, fluid simulation, and more recent devel-
opment of differentiable physics simulation.
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2.2.1 Soft-Body Simulation

Soft-body simulation is an extensively studied topic in computer graphics and me-
chanical engineering. The differentiable soft-body simulator we develop in Chpt. 4
is most relevant to Projective Dynamics (PD), a fast and implicit soft-body sim-
ulation methodology with specific assumptions on material models [22]. Existing
works have extended standard PD algorithm to support rigid bodies [89], conserve
kinetic energy [39, 40], and a wide range of hyperelastic materials [96]. Furthermore,
previous papers have also proposed more advanced acceleration strategies, includ-
ing semi-iterative Chebyshev solvers [153, 154], parallel Gauss-Seidel methods with
randomized graph coloring [53], precomputed reduced subspace methods for the re-
quired constraint projections [24], and multigrid solvers [161]. Furthermore, Macklin
et al. [100] introduce a preconditioned descent-based method of Projective Dynamics
on GPU with a penalty-based contact model. Our differentiable simulation in Chpt. 4
inherits the standard PD setup. However, it is quite different from these works above
in that we study how to leverage PD simulation techniques to speed up gradient
computation, which is one of the unique contributions in this thesis.

Another central topic in soft-body simulation is collision handling. There ex-
ists a diverse set of collision handling algorithms with different design considera-
tions: physical plausibility, time cost, and implementation complexity. Only a few
of them [90, 28, 69, 100] take differentiability of a contact model into account. The
most widespread strategy in PD-based simulation is to treat contact as soft con-
straints by either directly projecting colliding vertices onto collision surfaces at the
end of each simulation step [153, 154, 40, 39] or imposing a fictitious collision en-
ergy [96, 89, 22]. Such methods introduce an artificial stiffness coefficient, which is
task-dependent and requires careful tuning. Alternatively, Ly et al. [97] propose to
combine the more physically plausible Signorini-Coulomb contact model with PD in
forward simulation. However, using such a model creates an additional challenge
during backpropagation as solving the contact forces requires nontrivial iterative op-
timizers, which either fail to maintain differentiability or no longer enjoy the speedup
from PD. Our differentiable simulation in Chpt. 4 considers both penalty-based and
complementarity-based contact models by drawing inspirations from sparse Cholesky
updates [65] and low-rank matrix updates [75].

2.2.2 Fluid Simulation

Simulation of fluid flows has been a staple of physics-based animation, relying pre-
dominantly on the Navier-Stokes equations to capture the dynamics of motion in
media such as smoke [137, 49] and water [48]. Several such methods are based
on finite-difference discretizations on regular Cartesian grids, often with a staggered
placement of state variables. Level-set methods [112] have been used widely to solve
interface problems on a Cartesian grid, in conjunction with the numerical schemes to
treat the boundary such as the Ghost Fluid Method [50] and variational interpola-
tion [10]. Explicit boundary discretizations, such as embedded surface meshes, show
their unique merits in modeling the sub-cell geometry and enforcing precise bound-
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ary conditions [125, 7]. These embedded discretizations of the variational type are
focused on handling Dirichlet boundaries [168, 64], which inspired our discretization
scheme in the differentiable fluid simulator presented in Chpt. 4. These discretiza-
tions can conveniently accommodate adaptive resolution [4] and flows in containers
with deforming geometry [51]. Accommodation of changing geometry of the fluid con-
tainer is also addressed in grid-based techniques that draw inspiration from Arbitrary
Lagrangian-Eulerian (ALE) techniques [73].

Notably, most such works targeting evolving fluid domains focus on dynamic sim-
ulation rather than stationary flows. Steady-state flows, and especially Stokes fluids,
have received occasional attention within the graphics literature, in applications re-
lated to fluid control [18], simulation of highly viscous media such as paint [11], or as
a complement to an unsteady-flow solver for viscous liquids [82]. Our differentiable
fluid simulator presented in Chpt. 4 falls in the category of steady-state Stokes flow.

Besides prior efforts on Stokes flow, our work in Chpt. 4 is also related to methods
on simulating nonlinear compressible flows [81] and viscoplastic materials [138] but
is different from them: Instead of solving the Navier-Stokes equations with explicit
pressure terms, we exploit the analogy between Stokes flows and linear elasticity to
simulate differentiable, quasi-incompressible Stokes flow without the need for solving
the pressure term explicitly. The idea of drawing the analogy between fluids and
elastic solids for fluid simulation can also be found in Ferst et al. [52], which simu-
lates fluids on an adaptive octree grid using a hexahedral finite element discretization.
Although both Ferst et al. [52] and our method leverages finite element discretization
and elastic solvers for fluid simulation, their approach focuses on forward simula-
tion only. Meanwhile, we develop differentiable flow simulation with comprehensive
discussions on gradient derivation.

2.2.3 Differentiable Simulation

Many recent advances in differentiable physics facilitate applying gradient-based meth-
ods in robotics learning, control, and design tasks. Several differentiable simulators
have been developed for rigid-body dynamics [117, 35, 143, 36, 100], soft-body dy-
namics [69, 68, 62, 56], cloth [93, 119], and fluid dynamics [144, 105, 159, 123, 67].
This thesis is most relevant to differentiable soft-body simulation methods (Chpt. 4),
which we briefly discuss below.

ChainQueen [69] and its follow-up work DiffTaichi [68] introduce differentiable
physics-based soft-body simulators using the material point method (MPM), which
uses particles to keep track of the entire states of the dynamical system and solves the
momentum equations as well as collisions on a background Eulerian grid. However,
the explicit time integration in their methods requires small time steps to preserve
numerical stability, leading to significant memory consumption during backpropaga-
tion. To resolve this issue, ChainQueen proposes to cache checkpoint steps in memory
and reconstruct the states by rerunning forward simulation during backpropagation,
which increases implementation complexity and introduces extra time cost. Further,
solving collisions on an Eulerian grid may introduce artifacts depending on the reso-
lution of the grid [63]. Another particle-based strategy using explicit time integration
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is to approximate soft-body dynamics with graph neural networks [92, 121], which
is naturally equipped with differentiability but may result in physically implausible
behaviors.

Unlike those above differentiable soft-body simulators using explicit time integra-
tion, the differentiable simulation introduced in Chpt. 4 employs fully implicit time
integration. Therefore, our differentiable simulator in Chpt. 4 is more similar to Hahn
et al. [62] and Geilinger et al. [56]. Compared with their work and other soft-body
differentiable simulators [93, 119] that systematically apply a combination of the ad-
joint method and sensitivity analysis to derive gradients, we put a special focus on a
more strategic backpropagation scheme that leverages the unique numerical proper-
ties in a physics system’s governing equation, leading to empirically faster gradient
computation.

2.3 Sim-to-Real Transfer
The sim-to-real transfer is crucial for any computational methods developed in simu-
lation, and our computational robot design pipeline is not an exception. The solution
presented in Chpt. 5 draws inspiration from previous papers on narrowing sim-to-real
gaps [27, 142, 116, 162, 38]. Additionally, Chpt. 5 shares similarities with model-based
deep reinforcement learning methods in [38] or [27], but we leverage full gradient in-
formation from an analytic dynamic model in simulation. Another commonly used
strategy for closing the sim-to-real gap is domain randomization, which trains the
controller with randomized models in simulation [142, 116]. Essentially, domain ran-
domization attempts to absorb modeling errors by training a robust but conservative
controller. Our method is different from this family of methods in that we attempt
to reduce modeling errors by improving the model parameter estimation directly.
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Chapter 3

Computational Robot Design

In this chapter, we introduce the basic idea behind a computational robot design
pipeline [43]. We present the pipeline using a case study of designing a multicopter,
a rigid robot with many industrial applications. The technical method discussed in
this chapter covers a subset of the complete computational design pipeline in Fig. 1-2,
which we highlight in Fig. 3-1 below. Specifically, this chapter focuses on compu-
tational methods that automatically optimize a multicopter’s shape and controller
designs in simulation. We then directly transfer the resultant designs to hardware
platforms without further modification or discussions on the potential performance
discrepancy due to sim-to-real gaps, which we will elaborate on in detail in Chpt. 5.

Figure 3-1: The computational multicopter design method discussed in this chapter. Note
that methods for narrowing the sim-to-real gap are not covered here and will be discussed
in later chapters.

3.1 Motivation

Multicopters are aerial vehicles that are becoming more and more popular. They are
mechanically simple and can be controlled manually or automatically to have a stable
and accurate motion. For this reason, these vehicles are increasingly being used in
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many settings, including photography, disaster response, search and rescue operations,
hazard mitigation, and geographical 3D mappings. Most current multicopter designs
are fairly standard (e.g., symmetric quadcopters or hexacopters). Designing a non-
standard multicopter that is optimized for a specific application is challenging since
it requires expert knowledge in aerodynamics and control theory.

In this chapter, we propose a design process that allows non-expert users to build
custom multicopters that are optimized for specific design goals. Our system allows
users to concentrate on high-level design while computation handles all the neces-
sary elements to ensure the correct function of the resulting physical models. Our
intuitive composition tool enables users to express their creativity and to explore
trade-offs between different objectives in order to develop machines well suited for
specific applications.

Our system also allows us to expand the design space of multicopters. Typical
space encompasses a small set of standard designs with a symmetric distribution of
rotors and all propellers oriented upright. In this design space, forces and torques
induced by propellers are easily balanced and controllers can be easily adjusted. How-
ever, this does not allow the design of nonsymmetric multicopters that are more op-
timal for some specific tasks. For example, the field view of a camera in a hexacopter
could be obstructed by the motors, so one might prefer removing a motor in front of
the camera. Another example could be a multicopter carrying an irregularly shaped
object like a wide-band antenna. In this case, an asymmetric design gives more free-
dom to specify mass distribution for better flying stability. Finally, a nonstandard
design with extra motors can increase the payload and improve fault tolerance, which
are key factors for product delivery. Our computational design employs parametric
representations that capture variably in the general shape, rotor positions and ori-
entations, and performs optimizations based on user-specified metrics. This enables
users to explore the shape space and discover functional vehicles that significantly
differ and outperform the standard models.

An immediate challenge after we expand the design space is to find a good con-
troller for non-standard multicopter designs. Due to its uneven distribution of mass
and inertia tensor as well as its random rotor position and orientation, applying a
traditional controller from classic multicopters directly requires nontrivial and tedious
parameter adjustments. Moreover, during flight, the performance of a multicopter is
jointly influenced by its dynamics and control signals and therefore optimization has
to include both shape variables and controller parameters. Finally, there is a tradeoff
between allowing users to freely express metrics and still keeping the optimization
problem tractable. In our system, we use Linear-Quadratic-Regulator (LQR), an
optimal control method for nonstandard multicopter designs, and the controller is
automatically determined to avoid tedious parameter adjustments. We formulate an
optimization problem which includes both shape and control variables and propose an
algorithm to effectively find the optimal shape as well as the control parameters for a
given design. We specify the user metrics as a bi-convex function, which is expressive
enough to represent many useful metrics.

To summarize, our main contributions in this chapter include:
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• Providing a complete pipeline that allows users to design, optimize, and fabri-
cate multicopters.

• Formulating an optimization problem that can jointly optimize the shape and
control parameters according to different design metrics.

• Providing an efficient numerical scheme to solve the multicopter optimization
problem and show its efficacy by optimizing various types of non-standard mul-
ticopter designs.

3.2 Geometry Design
Our interactive design tool allows users to compose new models from parts in a
database, which contains standard parts like propellers, motors, carbon fiber rods,
and a variety of free-form body frames. Though the database is relatively small, users
can create a widely diverse set of designs by manipulating and composing them.

3.2.1 Part Database

Following the ideas in Schulz et al. [127], both functional parts and free-form body
frames in the database are parametric, represented by a feasible parameter set and
a linear mapping function that returns different geometries for different parameter
configurations. The use of parametric shapes allows geometric variations while guar-
anteeing that all shape manipulations preserve structure and manufacturability. In
our model, all parameter configurations in the feasible set are guaranteed to be manu-
facturable geometries. Linear maps were chosen because they speed up computation
without compromising too much on expressiveness. In this linear representation,
geometries are represented as meshes where each vertex is a linear function of the
parameters.

Each part in the database is annotated with connecting patches that indicate re-
gions where parts can be attached to each other. Since every part is parametric, the
position of each patch is also a function of the parameters. We define different patch
types for different composition methods. For example, carbon tubes are annotated
with circular patches while the bottom of a rotor has a flat patch (see Fig. 3-2). Each
patch type includes a parametric representation of its center and additional informa-
tion for alignment (for example, circular patches include the radius and main axis
and flat patches include the normal). Our collection was designed and parametrized
by mechanical engineers.

3.2.2 Composition

After the user drags in a new part and calls the connecting operation, the system aligns
the parts with respect to the working model and adds the appropriate connecting
components. The two closest patches are used to create a connection between the
components.
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Figure 3-2: Example of composition. Left: parts with highlighted patches (circular patch
with an annotated main axis and a diameter in blue and flat patch with an annotated normal
in orange). Right: composed design.

We define a list of rules that designate appropriate connecting parts for each type
of patch pair. Connecting parts are selected from a small list of standard components,
e.g., patches of carbon fiber rods need circular adapters and plates need mounts with
screws.

Next, we position parts and appropriate connectors relative to each other. Our
goal is to preserve the parametric representation in the composed designs so that
users can continue to manipulate the geometry at every step in a structure-preserving
fashion. In the composed model the parameter set is the union of the parameters
of the containing parts and the feasible set is the intersection of the feasible sets.
Therefore, the alignment step must define constraints on part positions so that parts
are correctly placed relative to each other in all feasible configurations. This is done
in two steps: First, the patch information is used to appropriately rotate the models
relative to each other (in the example in Fig. 3-2, the normal of the flat patch is made
perpendicular to the main axis of the circular patch). Rotations are dealt with first
because these are not linear operations and therefore cannot be represented by our
linear parameter mapping. Since the position of each patch is represented as function
of the parameters, alignment translations involve constraining these two functions to
be equal. Therefore parts are aligned by adding constraints to the feasible set of the
composed parametric design and solving for the closest feasible solution.

The parameters of the composed design are not only useful for allowing users
to better explore the design space, but they also describe the possible variations
for automatic design optimization. Since both parts and composition schemes are
defined using linear models, linearity is preserved in the resulting composed designs,
which include a set of equality and inequality constraints. Equality constraints can be
removed by replacing the original shape parameters with free variables in the affine
space defined by the linear equations. As a result, we will use s to denote the new
shape parameters and Aineqs � bineq to represent these constraints in later sections.
The linear parameter variations allow parts of the copters to scale and move relative
to each other but do not define local rotations. We therefore augment the feasible set
by defining additional variables, d, that represent the orientation of the propellers.
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These are used in the optimization algorithm, as will be discussed next.

3.3 Controller Design

3.3.1 Multicopter Dynamics

In this section, we provide background information about multicopter dynamics. We
first introduce the motor and propeller model then describe the multicopter dynamics
based on Newton’s law and Euler’s equations.

Motor and Propeller

Our motor and propeller model is based on measuring multiple properties (such as
thrust, torque, voltage, and current) then fitting them with analytical functions.

Thrust and torque We use u and � to denote the magnitude of thrust and spinning
torque induced by the propeller. The torque is known to be proportional to the
thrust [87]:

� = �u; (3.1)

where � is a constant ratio determined by the blade geometry, and is acquired by
fitting the thrust and torque measurement.

Motor control The motor spinning rate is controlled by sending desired power-
width modulation (PWM) signals to its electric speed controller (ESC). PWM signals
control the power supplied to the motor, and therefore its spinning rate, which further
influences the thrust and torque induced by the motor. We measure the mapping
between PWM values, battery voltage and thrust, then use its inverse mapping to
convert the output thrust from the controller to PWM values sent to each motor.

Power consumption When a motor loaded with a propeller is powered on, the
spinning motor converts electronic power Pele, the product of voltage and current I,
into mechanic power which rotates the propeller, which then pushes surrounding air
to generate thrusts u. We directly measure u-Pele and u-I curves, which can be well
approximated by power functions, and use them to guide our optimization on flight
time and max amperage.

3.3.2 Equations of Motion

We use north-east-down (NED) coordinates as our world frame to determine the
position and orientation of the copter. Our body frame is fixed at the center of
the copter, and initially its three axis are parallel to the axis of world frame. To
use propellers efficiently, we require all propellers to thrust upwards, not downwards.
This can be guaranteed by matching the propeller type and motor spin direction.
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The thrust and torque produced by the i-th motor are uidi and bi�iuidi, where
bi 2 f�1; 1g indicates counterclockwise or clockwise spinning direction and di is a
unit vector representing the motor’s orientation in the body frame. From Newton’s
second law and Euler’s equation the dynamics are:

m�p = mg + R
nX
i=1

uidi;

J _! + ! � J! =
nX
i=1

(bi�iuidi + ri � uidi):

(3.2)

(3.3)

Since the net thrust and torque on the right side are linear on ui, we introduce
matrices Mf and Mt for compact representation:

m�p = mg + RMfu;

J _! + ! � J! = Mtu:

(3.4)
(3.5)

Since the motor positions frig can be computed from the shape parameter s by
ri = Ais + bi, where all Ai and bi are constant matrices and vectors from parametric
shape representation, we will omit frig and only use s in later sections.

3.3.3 Controller Design

In this section, we introduce the controller used in our multicopters. We start from
reformulating the equations of motion into the state-space model, then we use its
linear approximation at a fixed point to design an LQR controller.

State-Space Model

To design a controller, we rewrite the equations of motion into the following nonlinear
form, known as the state-space representation:

_x = f(x;u); (3.6)

where f is a nonlinear function determined by multicopter dynamics. Intuitively,
the state-space representation describes the fact that given the current state and the
actuator output, we can predict how the state will change in the future.

Designing a controller for a nonlinear system is not an easy task, so we linearize
the state-space model at a fixed point (x�;u�) and find a controller for the linear
model approximation. A fixed point satisfies f(x�;u�) = 0, which can be explained
as a combination of state and thrust such that the copter can stay in this state forever,
as long as the thrust does not change. Define �x = x� x�, �u = u� u�, A = @f

@x

���
x�;u�

and B = @f
@u

���
x�;u�

, we can get the linear time-invariant (LTI) approximation of the
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state space model around (x�;u�):

_�x � A�x + B�u: (3.7)

Linear Quadratic Regulator

The state-space model is different from the actual dynamics model because it is a
linear approximation, and it assumes the state is in the neighborhood of the fixed
point. As a result, we choose to use LQR because it is a robust controller with a
phase margin of at least 60 degrees and an infinite gain margin [6], which means it
can remain stable even if the dynamics model deviates a lot from our expectation.
Given equation (3.7), LQR generates the control policy �u = �K�x by minimizing the
cost function

R1
0

(�x>Q�x+�u>R�u)dt, whereQ andR are user-specified weight matrices
which are usually positive diagonal. The first quadratic term tries to shrink �x to 0, so
it penalizes the deviation from stable states. Similarly, the second term discourages
actuators from saturation. The matrix K is found by solving the continuous-time
algebraic riccati equation (CARE) once A, B, Q and R are given, which has been
well-studied and implemented in many linear algebra packages [84, 103, 128].

Given multicopter dynamics, designing an LQR controller consists of two steps:
selecting a fixed point for linearization, and solving CARE. For traditional quad-
copters the first step is not a problem because it has a unique fixed point, i.e, each
motor provides thrust equal to 1=4 of the gravity and the quadcopter stays completely
level. However, we notice that general multicopter designs often have nonunique fixed
points, and the performance of a flying multicopter is influenced by the choice of fixed
points so arbitrarily picking a fixed point does not yield good results. To address this
issue, we select the fixed point by including it in an optimization problem, which we
will describe in the next section.

3.4 Co-Optimization

Optimizing a multicopter is a challenging problem because the performance of a
multicopter relies on both its geometry and controller, which are usually coupled
with each other. For example, to make sure a multicopter can hover, one needs
to find reasonable motor positions and orientations, as well as good output thrusts
suggested by the controller. Another challenge comes from the metrics that users
want to optimize. For example, it could be a nonconvex function with multiple local
minimals, or a nonsmooth function so a gradient-based solver is not applicable.

In this section we introduce our solution to the two challenges above. We provide
an algorithm to decouple geometry and control variables during optimization. The
geometry variables are motor spin directions fbig, motor orientations fdig and shape
parameter s. The control variables are the fixed point (x�;u�) and the control matrix
K, as explained in Section 3.3. As x� can be easily determined once u� and geometry
variables are given, and K can be determined after geometry and fixed point are
known, the optimization algorithm only focuses on finding the optimal u� and we
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leave the derivation of x� in supplemental materials. For the metrics, we formulate
an objective function including bi-convex user-defined metrics, and we demonstrate
that many useful metrics can be represented as bi-convex functions.

The pseudocode for the complete optimization process is provided in Alg. 1. Our
optimization starts from searching the discrete variables fbig and selecting the com-
bination that is most controllable, then in the main loop we solve three subproblems
to optimize the control variable fu�g, shape parameter s and motor orientations fdig
in every iteration. After that, we use the geometry variables to build the multicopter
and control variables to implement the controller.

Algorithm 1: Optimization algorithm pseudocode.
Input : Initial geometry variables, acquired from user design: fdig, frig, s

User-specified LQR weight matrices Q, R
Output: Optimized geometry variables: fbig, fdig, frig, s;

Optimized control variables(fixed point): x�, u�;
control matrix K

// Preprocessing
bestCondNumber  +1
foreach b 2 fall 2n assignments to fbig g do

Compute A, B, C;
if cond(C) � bestCondNumber then

bestCondNumber = cond(C);
fbig  b;

// Main loop
while not converge do

Optimize u� by solving a convex subproblem;
Optimize s by solving a convex subproblem;
Optimize fdig from QCQP relaxation;
// Check controllability.
Compute A, B and C;
if C is singular then

Revert all variables to their values in the last iteration;
break;

// Postprocessing
Compute x� from u�;
Compute A, B from (x�;u�);
Compute K from A, B, Q and R;

3.4.1 Preprocessing

We first determine the spinning directions fbig for each motor by checking the con-
trollability matrix of the dynamics system. A system is controllable if for any initial
state x0 and final state x1 there exists a control signal such that the system can steer
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from x0 to x1 in finite time [6]. An LTI system is controllable if the correspond-
ing controllability matrix defined on the state-space model has full row rank. For
equation (3.7), the controllability matrix C is defined as:

C =
�
B AB A2B � � � A11B

�
; (3.8)

where the maximal exponent is 11 because �x consists of 12 variables. We check all
2n possible combinations to determine the best fbig: for each assignment to fbig we
do linear approximation at its fixed point (if multiple fixed points exist we use the
one with minimal L2 norm) then pick the assignment with the smallest condition
number. Since n is up to 6 in our case, this straightforward method does not cause
any performance issue.

Once fbig is determined we keep them fixed during the optimization. Our algo-
rithm in later sections checks at the end of each iteration whether the multicopter is
still controllable, and it terminates with the best solution so far if controllability is
violated. However, in our experiments this check rarely fails and the controllability
property is preserved most of the time.

3.4.2 Problem Formulation

Here we give the formal definition of the optimization problem:

min
s;di;u�

E(u�; s) + �kMfu
� +mgk2

2 + �kMtu
�k2

2:

s:t: Aineqs � bineq;

d>i di = 1;

0 � u� � umax:

(3.9)

(3.10)
(3.11)
(3.12)

where E is the user-selected metrics, which we will describe in the next section. We
require that E rely on the shape parameters s and thrust u� only, and be bi-convex.
The second and third terms model soft constraints required by the fixed point with
user specified weights � and �: By definition, at a fixed point the net thrust should
try to balance the gravity, and the net torque should be zero. Compared with the
equations of motion the rotational matrix R is removed to reduce the complexity,
and to indicate that it is preferable for the copter to maintain its original attitude as
much as possible, i.e., R is equal to an identity matrix, which makes the copter easier
to take off. Note that Mf relies on di and Mt depends on di and s.

The first constraint gives the feasible set of the shape parameter. Constraints on
di require that each di should be a unit vector. The last constraint requires that no
motor saturation should occur.

3.4.3 Metrics

Although we limit the energy function to be bi-convex, we demonstrate that a lot of
metrics can fit into this representation either directly or after reasonable reformula-
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Figure 3-3: Comparing our method in multiple copter examples with interior point, se-
quential quadratic programming and active set methods, all implemented in MATLAB's
fmincon command. All examples have� = 0 :3 and � = 0 :7, and all methods share the same
initial guess and termination conditions. The horizontal axis shows the iterations (note that
it does not re�ect the true running time as the time an iteration takes varies in di�erent
methods) and the vertical axis is the value of the objective function in Eqn. (3.9) after each
iteration. Left: pentacopter with payload metric. Middle left: bunny with mixed metrics
of payload and amperage. Middle right: pentacopter with mixed metrics of max amperage
and cost. Right: quadcopter with size metric.

tion. Here we list some:

Payload We de�ne the payload to be the maximal weight the copter can take at its
mass center while hovering. Maximizing the payload directly results in a non-convex
formulation with all variables closely coupled with each other. Instead, we minimize
the following indirect metric:

Epayload = max(
u�

1

umax
1

;
u�

2

umax
2

; � � � ;
u�

n

umax
n

); (3.13)

whereE can be explained as searching all the motors and �nding the one that is most
likely to become saturated. If a copter can hover with thrust equal tou, scaling u
uniformly allows a copter with same geometry but heavier weight to stay in the air.
As a result, smallerE indicates possibly larger payload.

Max amperage The relation between thrust and current supplied to the motor
can be well approximated by a power functionI = au� . Since the power module unit
in hardware platform distributes the current from the battery to all motors, for safety
reasons we are interested in minimizing the total current so that we do not exceed
the maximal amperage of the power module cable:

Eamp_sum =
nX

i

ai u
� � i
i ; (3.14)

where ai u
� � i
i represents the current supplied toi -th motor. Alternatively, we can

minimize the max current supplied to a single motor so that it does not exceed the
maximum amperage of the electric speed controller of each motor:

Eamp_max = max( a1u� � 1
1 ; a2u� � 2

2 ; � � � ; anu� � n
n ): (3.15)
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Size and �ight time To minimize the copter size, we choose to minimize the total
length of rods used in the copter, which is linear on the shape parameters:

Esize = c>
rods + drod : (3.16)

We can also relate the copter size to its �ight time. From our measurement we notice
that larger propellers are more e�cient than smaller ones with the motors we use. As
a result, we can increase the �ight time by maximizing the copter size so that it has
enough space to install larger propellers:

E time = � Esize = � (c>
rods + drod ): (3.17)

The negative sign comes from the fact that we minimize the objective function. It
should be pointed out that this energy function is based on the observation that larger
propellers are more e�cient than smaller ones with our motor, which is not always
true for all combinations of motors and propellers. Careful measurement needs to be
taken before applying this metric.

Cost For a multicopter without a free-form body frame the cost is fully determined
by the shape parameters in a linear form:

Ecost = c>
costs + dcost: (3.18)

whereccost represents the linear cost like carbon �ber rods, anddcost is the constant
cost from components such as battery, controlling board and motors.

Mass For a multicopter without a free-form body frame the mass is linear on the
shape parameters

Emass = c>
masss + dmass: (3.19)

When applying this metric, m in the objective function is replaced withm(s) = Emass.
However, this modi�cation won't break our proposed algorithm as the mass is linear
on the shape parameters, so it should not break the convexity of the subproblem.

Multi-objective metric Since a non-negative weighted sum preserves convexity,
any nonnegative weighted combination of the metrics above meets our bi-convexity
requirement. For examples, users may choose to de�ne a metric mixed with both
payload and mass, and use weights to express the tradeo� between them. Also note
that although all metrics above are de�ned solely onu � or s, a mixed metric can
include both of them.

3.4.4 Algorithm

Directly optimizing the objective function proposed in the previous section is chal-
lenging due to the fact that the product betweenM f , M t , and u � couples all variables
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together, and it may contain non-smooth energy functions like the payload or max
amperage. However, if we focus onu � or s only, it reduces to a simple convex problem.
This motivates us to propose our algorithm which alternatively optimizes the thrust,
shape parameters and motor directions, as described in Alg. 1. It terminates when
the energy converges within a given threshold (1e-6 in our setting) or it breaks the
controllability. With the assumption that user metrics are bi-convex functions, the
problem is convex when restricted to optimizing eitheru � or s, which can be e�ciently
solved in CVX [60, 59], a package for specifying and solving convex programs.

Optimizing f d i g is more subtle and bears some discussion. The objective function
is quadratic and convex onf d i g due to the fact that both M f and M t are linear on
f d i g, but the unit-length constraints on f d i g breaks the convexity. Because of its
quadratic form in the objective function, we choose Sequential Quadratic Program-
ming (SQP) [110] to solvef d i g. The initial guess is acquired from relaxing the unit
length constraints to d>

i d i � 1, and then solving the convex Quadratic Constrained
Quadratic Programming (QCQP) problem [23].

We demonstrate that our algorithm is more suitable than three other general
solvers for our optimization problem in Fig. 3-3. In most of the time our algorithm
manages to �nd a better solution, but with the cost of longer time. However, this is
not a big issue as our solver usually terminates within a few seconds.

In the �rst two examples, we run our method on two di�erent multicopter designs
with single and mixed metrics. For both examples our algorithm quickly �nds a
better solution after the �rst few iterations, while the other solvers either fail to make
progress or get trapped into a worse local minimal solution. There exist some cases
where our algorithm ends up with similar optimal values, in which case it is still
acceptable to call our solver as the system is not sensitive to its running time.

Finally, as a sanity check we provide an example where the global minimizer is
known. In this example a standard quadcopter is optimized to have minimal size.
Without other constraints the copter shrinks to a single point and the energy function
becomes zero. In this case all solvers agree on the global minimizer in the end.

3.5 Simulation

We provide a real-time physics simulator to help users verify the shape and controller
design suggested by the optimization. Users can interactively change the input from
a virtual RC transmitter and see the �ight performance of the copter. Random noises
are added to the sensor data to simulate real world environment. If the optimized
shape and controller are not satisfactory, users can either manually tweak control
parameters in simulation, or go back to the interactive design tool to change the
shape representation.

3.6 Fabrication

Once the shape parameter and motor orientations are determined, we generate a
fabrication plan by computing rod lengths, motor angles, and geometry meshes if it

42



Figure 3-4: Some multicopter components used in fabrication. Left: 3D printed connectors
that support various motor orientations. Right: propellers, carbon �ber rods and motors.

contains a free-form body frame (Fig. 3-4). We use 3D printing to fabricate connectors
and the body frame. Speci�cally, we design parametric compound angle clip pieces
so that the connectors can support tilted motors.

Our hardware platform consists of a ground station laptop and a multicopter �ight
controller. The ground station subscribes the Vicon motion tracking system and sends
out real-time position and orientation data to the copter. The �ight controller runs
our modi�ed version of the open source software ArduPilot [5] on a Pixhawk [106]
�ight computer hardware.

3.7 Results

Figure 3-5: Classic designs. Left: a quadcopter with a free-form body frame. Right: a
hexacopter with coaxial propellers.

In this section we show multiple examples to demonstrate the e�ectiveness of our
design system, physical simulator, control loop and optimization method. We start
from two classic multicopters: an X-frame quadcopter and a Y6 hexacopter. We pro-
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