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Fig. 1. Teaser. Hierarchical neural preconditioning for interactive multiphase Poisson solves: (a) weak-admissibility H-matrix prior, (b) learned preconditioner
1 (c) multiscale residual transport induced by **, and (d) 3D multiphase fluid simulation application context.

Neural preconditioners for real-time physics simulation o [erlpromising data-
driven priors, but they often fail to capture long-range couplings e Lciehtly
because they inherit local message passing or sparse-operator access pat-
terns. We introduce the Hierarchical Transformer Preconditioner, a neural
preconditioner anchored to a weak-admissibility H-matrix partition. The
partition provides a multiscale structural prior (dense diagonal leaves plus
coarsening o [=diagonal tiles) that enables full-graph approximate-inverse
computation with $,# " scaling at [xdd block sizes. The network models
the inverse through low-rank far- [eltl factors and uses highway connections
(axial bu [erk plus a global summary token) to propagate context across trans-
former depth. At each PCG iteration, preconditioner application reduces to
batched dense GEMMs with regular memory access.

The key training contribution is a cosine-Hutchinson probe objective that
learns the action of **  on convergence-critical spectral subspaces, optimiz-
ing angular alignment of **  z with z rather than forcing eigenvalue clusters
to a prescribed location. This removes unnecessary spectral-placement con-
straints from SAl-style objectives and improves conditioning on irregular
spectra. Because both inference and apply are dense, dependency-free tensor
programs, the full solve loop is captured as a single CUDA Graph.

On sti Cmultiphase Poisson systems (up to 100:1 density contrast, # =
102416 384), the solver runs from 143to 21 fps. At # =8 192, it reaches
17 9 ms/frame, with2 2 speedup over GPU Jacobi, 28 over GPU IC/DILU
(AMGX multicolor_dilu), and 2 7 over neural SPAI retrained per scale
on the same benchmark.
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1 Introduction

Real-time simulation of [wids, soft bodies, and coupled multiphysics
often reduces every time step to a large sparse SPD solve attacked
with preconditioned conjugate gradient (PCG) [Saad 2003]. The
preconditioner ** L is the dominant design variable. Classical
choices — Jacobi, incomplete Cholesky/LU (IC/ILU), sparse approxi-
mate inverses (SPAI), and algebraic multigrid (AMG) [Benzi et al.
1996; Kolotilina and Yeremin 1993; Lin and Moré 1999; Ruge and
Stiiben 1987] — excel when the matrix is reused across many solves
S0 a heavy setup amortizes. In an interactive setting  changes every
frame, so any preconditioner whose setup approaches the per-frame
budget cannot amortize; IC and AMG su Cerlworst [Liu et al. 2016;
Naumov et al. 2015; Yamazaki et al. 2020].

Machine learning o [erk an alternative: train a neural precon-
ditioner once and amortize the cost across frames. Graph neural
networks have been the dominant choice [Chen 2024; Hausner et al.
2023; Li et al. 2023; Yang et al. 2025] because a sparse matrix has a
natural graph interpretation, but the choice forces two limitations
that become acute in real-time simulation. (i) GNN precondition-
ers typically inherit the sparsity of , so non-adjacent interactions
are either dropped or only reached through repeated graph con-
volutions that oversmooth local detail [Trifonov et al. 2025; Wu
et al. 2019]. (ii) The dominant operations at apply time — triangu-
lar solves on a learned IC, or two SpMVs on a learned SPAI — are
bandwidth-bound and either serialize on data hazards or scatter
through irregular memory.

From PCG geometry to hierarchical structure. The ideal precondi-
tioneris 1, which is dense even when s sparse, so the question
is what structure makes ! cheap to store and apply. In modern
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simulation codes the degrees of freedom are already laid out along
a space- [lihg curve (Morton, Hilbert) or a bandwidth-reducing per-
mutation, because the surrounding pipeline (spatial hashing, BVH,
neighbor search) wants that ordering [Ihmsen et al. 2011; Karras
2012; Teschner et al. 2003]. Under such orderings the nonzeros of
cluster near the diagonal and the corresponding o [=diagonal blocks
of ! describe long-range interactions whose numerical rank de-
cays with separation. Hierarchical matrices (H-matrices) [B6rm
et al. 2003; Hackbusch 1999; Hackbusch and Khoromskij 2002] ex-
ploit exactly this — a recursive block partition with dense diagonal
blocks and low-rank o [=diagonal blocks — and the fast multipole
method [Greengard and Rokhlin 1987] factors the same prior for
translation-invariant kernels. An H-matrix preconditioner is archi-
tecturally an FMM-shaped operator on the assembled system, and
that is the prior we hand the network.

Approach. We anchor the preconditioner to a weak-admissibility
H -matrix partition [Hackbusch and Khoromskij 2002], computed
analytically from the leaf-index geometry and reused for every
frame: =# I dense diagonal blocks of size ! ! plus o [=diagonal
tiles spanning ( ( leaves with ( =2°. A two-stream transformer
operates on this layout. A diagonal stream emits one factor per leaf
at full rank; an o [=diagonal stream emits one factor per tile at a
constant coarse token count s I regardless of (, so the rank
fraction 13 (1" shrinks automatically with separation — exactly
the bias H-matrix compression calls for. To let the network route
information between blocks without breaking the ,#” budget, we
add per-layer highway bu [erk (axial row/column bands plus a single
global token, §4.3).

Aloss with no preferred eigenvalue location. We train self-supervised
with a cosine-similarity Hutchinson probe loss on the precondi-
tioned image "* z. The conceptual move over the Frobenius/SAl
loss used by [Yang et al. 2025] is to replace a distance between vec-
tors (kﬁ *"z zkp) with a distance between subspaces (the angle
between the lines spanned by zand ** z). This is invariant under
positive rescaling of **, exactly matching PCG, which cares about
the direction **  sends each probe and not the magnitude. The net-
work is then free to cluster the spectrum of ** wherever angular
alignment is easiest, with no implicit demand that the cluster live
near any particular eigenvalue (Prop. 1; spectral evidence in Fig. 2).
Empirically, this is not a minor objective tweak: with architecture
and training split [xdd, the loss swap alone accounts for a major
quality gap in Table 6.

One CUDA Graph for the whole iteration. The choices above to-
gether remove the data dependencies that normally fragment a CG
iteration into separately dispatched kernels: the partition is [xdd,
every tile shape is the same, the apply is batched GEMMs over pre-
allocated tensors with no triangular solves and no allocations. The
whole PCG inner loop — preconditioner apply, SpMV, SAXPYs, dot
reductions — records into one CUDA Graph that replays per itera-
tion with zero CPU dispatch overhead. In our measurements this is
a substantial share of the gap to classical GPU preconditioners.

Contributions. In short: [c1] a neural preconditioner that bakes
the H-matrix block partition in as a structural prior with a [xad
coarse rank on every o [=diagonal tile, keeping total work at ,#”

Table 1. Per-iteration preconditioner application: arithmetic cost, dominant
memory-access pa Lerh, GPU throughput limit, and whether the apply ad-
mits single-CUDA-Graph capture of the PCG inner loop. nnz is the nonzero
count of the relevant factor. “1g” is our fixed coarse-token count per o [
diagonal tile.

Method FLOPs Memory access GPU Graph
bottleneck

Jacobi $.H#" stride-1 read memory
bandwidth

IC (tri. solve) $,nnz" wavefront-dep. SpTRSV  latency / data
hazards

Neural $,nnz" random gather (SpMV)  memory

SPAIl [Yang et al. bandwidth

2025]

AMG (V-cycle) $,# log#” multilevel, irregular level synchro-
nization

Ours $,#1p" batched GEMM, compute

stride-1 (Tensor Cores)

(intro paragraph c1, 84.2); [c2] highway bu [erk that route infor-
mation between blocks without growing the budget (84.3); [c3]

a cosine-similarity Hutchinson loss that minimizes a distance be-
tween subspaces rather than between vectors, exactly matching
PCG’s scale-invariance and freeing the network to put the spectrum
of ** wherever convergence is easiest (intro paragraph c3, Prop. 1
in §6.1); [c4] an allocation-free apply with no triangular solves,

no data-dependent branching, no per-kernel CPU dispatch — the
whole PCG inner loop captured as one CUDA Graph (intro para-
graph c4, 85). Table 1 summarizes the per-iteration access pattern
and throughput limit of each preconditioner family at the one step
where every [xdd-pattern alternative loses time on modern GPUs.

2 Related Work

Classical preconditioners. Jacobi, incomplete Cholesky/LU, sparse
approximate inverses (SPAI), and algebraic multigrid [Benzi et al.
1996; Kolotilina and Yeremin 1993; Lin and Moré 1999; Naumov
et al. 2015; Ruge and Stliben 1987; Saad 2003] are mature and re-
main default choices when the system is reused across many solves
so a careful setup amortizes. The known GPU costs of triangular
solves [Liu et al. 2016; Yamazaki et al. 2020] and of V-cycle commu-
nication [Naumov et al. 2015] bite hardest in the regime we target
( changing every frame at interactive rates), which motivates the
amortized neural alternative pursued here.

Learned PDE solvers and preconditioners. Neural operators (Fourier [Li
etal. 2021], DeepONet [Lu et al. 2021], graph-based [Li et al. 2020a,b])
and physics-informed networks [Raissi et al. 2019] learn function-
space mappings between coe [cieht and solution [eltls, and have
been used both as surrogates and as inner preconditioners for [exi-
ble Krylov solvers [Rudikov et al. 2024]; we operate one rung lower,
on the assembled algebraic system. A productive line of work trains
GNNs to emit a learned IC factor [H&usner et al. 2023; Li et al. 2023;
Trifonov et al. 2024] or a sparse approximate inverse in factored

> form using a scale-invariant Frobenius (SAl) loss [Yang et al.
2025]; we compare to the latter directly in Table 4. Chen [Chen 2024]
reports strong performance across SuiteSparse problems where clas-
sical IC and AMG struggle, and Trifonov et al. [Trifonov et al. 2025]
argue that message-passing GNNs cannot approximate the non-local



elimination structure of sparse triangular factors — a motivation
for architectures (like ours) that route global information through
explicit channels.

Hierarchical neural and matrix machinery. A parallel line embeds
FMM/H -matrix structure into neural architectures [Fan et al. 2019;
Fognini et al. 2025; Li et al. 2020a; Luz et al. 2020; Lyu et al. 2026;
Sittoni et al. 2026; Xu et al. 2025]. Classical H - and H2-matrix arith-
metic [Borm et al. 2003; Hackbusch 1999; Hackbusch and Khorom-
skij 2002] provides near-linear-cost machinery for storing and ap-
plying operators with low-rank well-separated sub-blocks; HODLR
variants [Hartland et al. 2023] apply the same prior to dense Hes-
sians. The partitioning machinery is what we instantiate; the contri-
bution lies in how the o [=diagonal factors are produced and applied
(84).

3 Background
CG converges through the polynomial bound

ke- k keok min max j?, "
22P. 2,0°=1 _2F, "

i 1
s0 CG only sees  through how small a polynomial [xdd to 1 at the
origin can be made on f,, ”. The practical consequence we lean on
is that when £,,** " collapses to 2 tight clusters away from zero,
CG converges in 2 iterations regardless of where on the real line
those clusters sit. The preconditioning objective is therefore “cluster
£, "’ not“make " close to " with cluster location essentially
free — the property our cosine loss exploits.

An H-matrix [Bérm et al. 2003; Hackbusch 1999; Hackbusch and
Khoromskij 2002] represents a dense matrix as a recursive block
partition: dense diagonal blocks plus o [=diagonal blocks stored as
low-rank factors *+~, with admissible rank shrinking o Cthe diago-
nal because the underlying Green’s function is smooth there. We use
the weak-admissibility variant [Hackbusch and Khoromskij 2002;
Hartland et al. 2023], whose fewer, larger o [=diagonal tiles batch
well on a GPU; classical H -matrix arithmetic costs $,# log#”, our
learned realization runs at ,#” thanks to the [xd8d coarse-token
count in cl.

The training loss uses Hutchinson-style probes z with E»zz”.. =

[Hutchinson 1989], but not as a trace estimator. The property we
use is spectral whiteness: isotropy gives E»,ug 7’2, =1 for every
eigenvector ug of ** |, so a scalar built from ,z ** z” weighs every
eigenmode equally rather than favoring smooth or oscillatory ones
— the property that makes the cosine loss of ¢3 a faithful global
indicator of preconditioner quality.

4 Method

Notation and pipeline. 2 R* # is the assembled sparse SPD
system, indexed along a space- [lihg-curve or bandwidth-reducing
ordering. The # indices are partitioned into =# ! contiguous
leaves of size 1, inducing an H-matrix partition of ~ diagonal blocks
and ""y unique weakly-admissible o [=diagonal tiles (tile < spans
(< (< leaves). The network is a four-stage pipeline: a physics-aware
encoder, a diagonal attention stack (full per-node resolution 1), an
o [=diagonal attention stack (coarse token count Iy !, the same for
every tile), and linear decoder heads. The whole network dispatches
exactly two attention kernels regardless of # — one batched over

leaves, one batched over tiles — which, together with the static
partition, is what later lets the entire PCG inner loop run inside a
single CUDA Graph. We use 1 =128 13=32 3=128 =. =3 in every
reported result.

4.1 Encoder

A two-layer MLP lifts whichever per-node features the simulator
already exposes (position, velocity, density, pressure, material pa-
rameters) plus the geometric and coupling features ,, Xg 9" for
every nonzero of  to width-3 node embeddings; =¢cn =2 residual
graph-convolutional layers [Kipf and Welling 2017] mix in neighbor-
hood information using  as the message-passing weight. This is the
only stage that observes individual graph edges; everything down-
stream operates on the block layout of the partition, decoupling cost
fromnnz, ”.Because *" is neural rather than algebraic, the network
can look at ,,d;  xgq” directly — physical structure a [xdd analytical
preconditioner cannot see (full feature list in Supplementary ??).

4.2 Diagonal and o [=diagonal a [eftion stacks

Diagonal stack. For each of the  leaves, = transformer layers [Liu
et al. 2021; Vaswani et al. 2017] with within-leaf (Swin-style) at-
tention and edge-bias logits emit a dense factor . 2 R' '. The
corresponding diagonal block of ** is the PSD outer product . .
O -diagonal stack. For each o [=diagonal tile < of size (<! (<!,
node embeddings on its row- and column-strips are pooled to a [xad
coarse token count 15 =1 ?,— ! regardless of (<. =. transformer
layers over these 13 tokens emit a factor pair *< +< 2 R'8 's;
the tile’s coarse representation is < =*<+Z. Because the token
count is the same on every tile, the implied rank fraction ! ,(<!”
shrinks automatically with separation — exactly the H-matrix prior
that distant blocks need less rank. A rank-fraction audit on real
frames con [rmhs the architecture-provided ! (1" stays above what
truncated SVD needs atY2 10 3 10 8 10 °gin every distance class
(Fig. 3; assembled-"" visualization in Supplementary, Fig. ?7. With
(< doubling geometrically, **y =$,, ” unique o [=diagonal tiles,
and a tile-batched attention of [xdd shape, the total work over the
o [=diagonal stack stays linear in #.

4.3 Highway connections

Within-block attention is local by construction. To let the network
route information across the matrix without giving up the ,#”
budget, after every attention sublayer we scatter-add block-token
embeddings into three bu [erk per transformer layer: a row-band
axial bu [efry,y, a column-band axial bu [eflcy,, and a single global
summary token gny. Each token then concatenates its row, column,
and global context with its own embedding before the FFN sublayer.
The four channels per layer (2D intra-block, 1D row, 1D column, 0D
global) cost $,#3" scatter-gather and preserve ,#" scaling. We
ablate the highways in §7.3 and illustrate the per-layer connectivity
in Supplementary, Fig. ??b.

4.4 Decoder, geometric picture, and complexity

Three linear decoder heads project tokens to the [nal factors: a leaf
head emits . 2R* ! (diagonal block . ~, PSD by construction);
two o [=diagonal heads emit *< +< 2R'8 '8; two node heads emit



Table 2. Subsystem breakdown of one forward pass at # =8 192. A [edtion
layers scale with =.; everything else is independent of depth.

Subsystem % device time  Scales with
Diagonal attention stack 36% =

O [=diagonal attention stack 23% =

Decoder heads 18% —

Encoder (MLP + GCN) 16% —

Layout helpers / scatter 4% —

Table 3. Kernel-level breakdown at # = 8192. Dominant kernels are
compute-bound Tensor-Core GEMMs and fused a [ention; no SpMV or
indexed-gather kernel appears among the top kernels.

Kernel family % device time
CUTLASS Tensor-Op GEMMs (s1688gemm, sm90_xmma, TF32) 31%
CUTLASS fused attention (fmha_cutlassF) 14%
Elementwise / normalization 17%
Copies / reshapes / layout 17%
Other 21%

per-leaf bridges *. £.2R' '8 petween node resolution and coarse
tile resolution. A small learned per-node Jacobi gate _; adds a di-
agonal correction diag,,,”diag, " ! that absorbs gradient early in
training and decays toward zero as the structured branches take
over (Supplementary ?7. In reported runs we do not explicitly en-
force strict SPD and did not observe instability; if a strict guar-
antee is required, one can add a tiny positive diagonal shift (e.g.,
softplus-parameterized, as in prior learned preconditioners [Yang
et al. 2025]). All factors pack into a single tensor of width % =

12 "y 12 | 2#1y , # that the apply consumes without ever
materializing "".

Complexity and measured breakdown. Encoder cost is $,#32”, di-
agonal stack $,,=.# 13", o [=diagonal stack $,=.# !523 1" highways
$,=.#3”; total inference is ,#" . At # =8192, the subsystem pro-
[Ielin Table 2 shows that the two attention stacks account for 59%
of device time, while encoder + decoder remain secondary. Kernel-
level pro [ing in Table 3 then explains why: CUTLASS Tensor-Op
GEMMs (31%) and fused attention (14%) dominate, so the workload
is primarily compute-bound on Tensor Cores rather than bandwidth-
bound on sparse gathers. This directly supports the access-pattern
argument in Table 1.

5 Preconditioner Application

"* is never assembled. The apply consumes the packed factor tensor
and produces **r through three stages on preallocated bu [erk, with
shapes [xdd at solve setup by the static partition. (i) A diagonal
stage applies . to each leaf residual r. in one batched GEMM of
shape, 1 1" (ii) An o [=diagonal FMM-style chain makes the data

movement explicit:

0, =*>r. 0. =+7T- (restriction) )

st = Q. s¢ = V- (strip aggregation) (3)
:2R< 12C

t& = ZsL tL = st (coarse coupling)  (4)

y.=% _.r th,+ _.,c t& (prolongation). (5)

Stages 1/3/4 are batched GEMMs of shapes,, ! Ig”and,""y 15 13"
(with , ¥ 13" reused in prolongation); stage 2 is two partition-
indexed scatter-adds. (iii) The CSR SpMV for r is the inner loop’s
only sparse operation, and the space- [lihg-curve ordering keeps
gathers nearly banded. Total apply cost is $,#,! , 13"" FLOPs.
Supplementary ??contains the same equations with full shape pro-
gression notes.

Single-graph capture. Every kernel in the inner loop has [xdd
launch shape, no host-side allocation, and no data-dependent con-
trol [aw, so the entire iteration — preconditioner apply, SpMV, SAX-
PYs, dot-product reductions — records into one CUDA Graph that
subsequent iterations replay with a single cudaGraphLaunctCPU
dispatch between kernels disappears, which in a real-time engine
usually is the [adr on per-frame latency. The graph-capturable prop-
erty falls out of the design rather than being engineered: IC/DILU
triangular solves serialize through data-dependent wavefronts and
AMG V-cycles need level-by-level barriers, so neither is single-graph
capturable in the same way. Among learned alternatives, neural
SPAI [Yang et al. 2025] is graph-capturable but appliesy= ~, r"as
two SpMVs against a sparse  whose nonzero pattern follows , so
its apply remains bandwidth-bound on irregular gathers; in contrast,
our factorized approximate-inverse preconditioner apply reduces
to dense block GEMMs on the partition and is compute-bound on
Tensor Cores.

6 Training
6.1 Cosine Hutchinson Probe Loss

We train the network self-supervised. Given a batch of probe vec-
tors Z 2 R# 1 drawn from the spectrally-balanced distribution
described below, we compute Z via SpMV (treated as a [xdd input,
with no gradient through ), apply the preconditioner to obtain
** Z, and minimize the angle between ** Z and Z as [aftened
tensors:

hz ** Zi
bos =1 fziker zk0 ©
where h— . i =tr,—~."is the Frobenius inner product and k k

the Frobenius norm. Equivalently, this is the cosine similarity be-
tween vec,Z” and vec,,"* Z" —asingle global angle over all #

entries rather than an average of | per-probe cosines. The single-
denominator form ties all probes together through the same normal-
ization, which we found to give noticeably more stable gradients at
small | than the per-probe mean. A perfect preconditioner gives
L cos =0; the worst case is L¢os =2 (anti-aligned).

Why cosine: from vector distance to subspace distance. The concep-
tual upgrade L¢os makes over Frobenius- and SAl-style objectives is



to replace a distance between vectors with a distance between sub-
spaces. Frobenius-type losses — including the SAI loss k—lk -2

used by [Yang et al. 2025] — penalize the pointwise Euclidean de-
viation of the speci [C1ector k—lk **z from the speci [Cector z.
That distance is sensitive to the magnitude of ""z, so it implicitly
demands that "" act as identity at a particular absolute scale — in
the SAI case, at scale k k. Lcos, by contrast, sees only the direction
of ** Z. Two preconditioners that send a probe to the same one-
dimensional subspace incur the same loss, no matter how they scale
the vector inside that subspace. Geometrically, L is a distance on
the projective space P,R# ' ” rather than a Euclidean distance on
R* 1

Proposition 1 (Cosine Hutchinson loss is a subspace distance). Let
** . R¥ ¥ R¥ pe a linear preconditioner, a [xad SPD matrix, and
Z 2 R* 1 aprobe matrix with Z<0and *" Z<0. Write B =vec,z”
and ¥ =vec,™ Z”, both elements of R# ! .

(1) (Positive-scale invariance.) Forevery U j 0, Lcos,U™ " =Lcosy
The loss therefore descends to a well-de [ndd function on the
quotient of preconditioners modulo positive rescaling.

(2) (Subspace interpretation.) Let\ 2 »0 ¢ 2. be the principal
angle between the lines REZ and RY in R ', and let gy =
w” kvk% denote the orthogonal projector onto the line through
v. Then

Leosn™ " = 1 cos\ % RE P 2 = 1 cos?\ (7)

50 Lcos depends on 2§ only through the unsigned angle

between the lines they span in R¥ ' Both functionals vanish
exactly when those two lines coincide.

(3) (SAl loss is a vector distance.) The SAl-style loss Lsaj,""" =

ﬁ **z Z % is not invariant under ** @ U** for U <1,

and is minimized uniquely (over scalings of **) at the choice

that places the vector ﬁ ""Z as close as possible as a vector

in R# 1 to the speci [Clarget Z.

Sketch. (1) Scaling ** by U j 0 scales the numerator hZ ** Zi
by U and the denominator kZk k** Zk by the same U, leaving
the cosine unchanged. (2) The [rst equality is by de [nition of \;
the second follows from the rank-one projector identity %k Ru

rvk? =1 huvi? kuk?kvk? =1 cos?\.Both 1 cos\ and
1 cos?\ are valid notions of squared chordal distance on P, R '”
near \ =0; we use 1 cos\ in (6) for better-conditioned gradients
near the minimum. (3) Lsa has the form kV*"u  uk? for xad
V=1 k k, strictly convex inV"", hence not rescaling-invariant.

The proposition matches the PCG geometry one-to-one. PCG’s con-
vergence depends only on the relative spread of the eigenvalues of
** . not on their absolute location (Sec. 3); accordingly, the correct
space to optimize ** over is the projective space ** R;o, and the
natural loss on that space is a distance between the subspaces R
and R¥ they span, exactly what Lo provides. Frobenius- and SAI-
style losses live on the wrong space — they pin down the absolute
scale of ** even though PCG does not care — and as a side e [edt
implicitly demand that the eigenvalues of **  cluster near a chosen
value (k k in the SAI case), wasting capacity on a constraint with
no algorithmic payo LBy dropping that constraint, Lo frees the

network to cluster the spectrum wherever the current precondi-
tioner makes angular alignment easiest — a behavior we observe
directly in 87.3 (Figs. 4-2) and ablate against SAI in §7.3.

6.2 Spectrally Biased Probe Vectors

An isotropic Gaussian probe places equal expected energy on every
eigenmode of ** (Sec. 3), so the resulting gradient signal is also
white in the probe’s eigenbasis. The blocks of our preconditioner,
however, are not all at the same spatial scale: leaf-diagonal blocks
resolve [nd, high-frequency structure over ! adjacent nodes, while
an o [=diagonal tile of size (! resolves much lower-frequency, larger-
scale structure. A spectrally white probe distribution therefore dis-
tributes the gradient signal unevenly across these block scales — the
high-frequency components, which the [né-scale (diagonal) blocks
are tuned to, dominate the signal; the coarse-scale (o [=diagonal,
large-() blocks receive proportionally weaker gradients. The down-
stream e [edt is that blocks at di [erknt scales saturate at di [erknt
times during training, with the coarse blocks plateauing late and
limiting overall convergence.

We rebalance the gradient signal across block scales by shifting
probe energy toward lower spatial frequencies. A small number of
damped-Jacobi smoothing steps acts as a spectral low-pass on the
probe:

2tV =20 2V = diag, ” ®)

with I =0 6 and two steps in every reported run. The high-frequency
components of the probe are damped more strongly than the low-
frequency components, redistributing probe energy toward the
eigenmodes the coarse blocks are responsible for. The result is more
even gradient magnitudes across block scales and substantially more
synchronous training of [né and coarse blocks. Probes are detached,
so gradients do not [ow back through the smoothing.

6.3 Training Setup

We train with AdamW under a reduce-on-plateau schedule and
global gradient clipping. Training contexts (graph, , masks, padded
sizes, smoothed probes) are precomputed once and cached on disk;
at each step a mini-batch is drawn at random and padded to a
common E’o_de count. We set the number of probe vectorsto | =
max,64 d #e”, balancing gradient noise against compute. The
model is compiled with torch.compile . Preconditioner weights
and the apply path use [0dt32; only the PCG scalar accumulators
(dot products, residual norms, step sizes) are computed in [0dt64,
which we found is su [cieht to prevent residual drift on sti [Systems
without paying for full mixed-precision GEMMs.

7 Experiments
7.1 Setup

All GPU experiments run on a single NVIDIA H200. Our model uses
3=128,=. =3, 1 =128, ?F4, =¢cn =2, highways on, trained once
for 15min per scale and reused for every test frame at that scale.
All reported solve times are to relative residual kr. ky krok, 10 8
— two to three orders of magnitude tighter than the 10 2 tolerance
typical of graphics-grade pressure projection, chosen so the ranking
re [edts preconditioner quality, not early termination. PCG timing



Table 4. Per-frame end-to-end PCG solve time (ms) and PCG iteration count
(in parentheses) on the multiphase Poisson benchmark, 20 frames per scale,
relative residual tolerance 10 8. GPU methods that admit single-graph
capture (unpreconditioned CG, Jacobi, AMGX SPAI, neural SPAI, ours) run
the inner loop as a single CUDA Graph replay (85); IC-class GPU methods
and AMGX V-cycles launch per kernel. Our Jacobi/CG numbers already
include the CUDA-Graph speedup — an upper bound on what graph capture
alone buys without our preconditioner. CPU rows are reference only. Bold
marks the fastest GPU time at each scale.

Method 1024 2048 4096 8192 16384
Unprec. CG (GPU) 185 (497) 247 (650) 43.6(1153) 77.6(1765) 89.2 (2103)
Jacobi (GPU) 127 (325) 161(429) 317(839) 39.5(968)  65.7 (1543)
AMGX SPAI (GPU) 532(1) 820(1) 760(1)  1345(2) 188.3 (3)
IC/DILU (GPU) 1395 (11) 2084 (15) 3128(22) 503.0(30)  579.7 (40)
Neural SPAI (GPU) [Yang et al. 2025] 18.4 (118) 26.0(167) 38.3(246) 48.1(338) 709 (496)
Ours (GPU) 7.0(47) 8.8(66) 9.2(80) 17.9(168)  47.6 (394)

CPU reference (not in competition with GPU rows)

IC (CPU) 128.9(59) 51.6(96) 159.9(113) 14789 (170) 13968.4 (254)
AMG (CPU) 222(5) 248(9)  245(5) 109.8 (7) 674.2 (10)
Neural SPAI (CPU) [Yang et al. 2025] 6.7 (118) 10.9 (167) 25.6(246)  62.3(338)  202.4 (496)

uses single-graph CUDA Graph replay for every method that admits
it (unpreconditioned CG, Jacobi, AMGX SPAI, neural SPAI, ours) and
per-kernel launches for IC/AMG-class methods. AMGX runs with
vendor defaults (we swept neighboring con [girations at # =8 192
and saw no improvement). The neural SPAI baseline of Yang et
al. [Yang et al. 2025] is re-trained per scale on the same multiphase
distribution using their SAI loss and applied as a CUDA-Graph-
captured pair of SpMVs. Full hardware/software, precision, and
dataset details are in Supplementary §?7.

Benchmark. We instantiate the target regime — sti [, 8very-frame-
di Cerknt SPD systems with a hard real-time budget —.as 2D multi-
phase pressure-Poisson: the 5-point Laplacian g = oFg, g =
Fg9 with harmonic-mean face conductances Fgy =2dgd, ,,dg , dg”,
on a per-cell density [eltl d randomized per frame across three
axes: contrast (dheavy  loguniform»5 100., so ~, " 2 »10% 105.),
barrier topology (1-3 rectangular barriers with gap con [gdrations
including closed, creating near-disconnected sub-domains that force
long-range coupling), and orientation. We pick 2D because it is
a harder setting for local preconditioners (only 4 neighbors per
node) and because it covers the pressure-projection workload that
dominates graphics-grade specialized simulators (FLIP/PIC, MPM,
fractional-step Navier—Stokes). The architecture is not speci [C1o
structured grids — it needs only a sparse graph and a loose spatial
ordering — and extends directly to 3D (Fig. 1); we evaluate quan-
titatively in 2D for fair, fully-tuned comparison against classical
baselines. We do not target #  10° regular voxel grids where
structured multigrid amortizes [Lyu et al. 2026], nor batched o [ind
PDE workloads. Per-frame randomization and discretization details
are in Supplementary §?7 representative frame in Supplementary,
Fig. ??2.

7.2 Main Performance

Main result. Table 4 (also plotted on the [gure pages as Fig. 5;
per-method runtime breakdown in Supplementary, Table ?7) reports
per-frame mean solve time and iteration counts. Our method runs
at interactive framerates across the full size range: 17 9ms (56 fps,

168 iters) at # =8192 and 47 6 ms ( 21 fps, 394 iters) at # =16 384.
The closest GPU baseline that converges in the same regime is
Jacobi, at 39 5/65 7 ms (968/1543 iters) respectively — 6 fewer
iterations at # =8192 (968 vs. 168) and 4 at # =16 384 (1543 vs.
394) on identical hardware, and a 1 4-2 2 wall-clock gap. Neural
SPAI [Yang et al. 2025], re-trained per scale with its CUDA apply
path, lands at 48 1/70 9 ms (338/496 iters), trailing our method by
27 at#=8192and 15 at# =16384 despite an iteration count
within 2 of ours — the gap is dominated by the two random-
gather SpMVs its apply dispatches per iteration, in contrast to our
single batched-GEMM apply on contiguous tensors (85). The IC-
and AMG-class baselines reach very low iteration counts (1-40) but
pay for it in sequential triangular solves or V-cycle synchronization,
falling below 2-5fps at # =16 384 — con [rmhing the architectural
argument of Table 1. The measured curve is not perfectly linear in #
because kernels cross warp/tile-quantization and cache-transition
thresholds as the working set grows, even though the algorithmic
order remains ,#".

Fig. 6 traces how convergence actually looks on a challenging
frame — a closed cross-shaped barrier with sti Cdensity contrast
chosen to maximize long-range coupling — across unpreconditioned
CG, Jacobi, IC, AMG, and ours, with the right-hand side supported
only on thin density interfaces. By : =1, Jacobi and IC have damped
the residual only locally around supp,,1”, while AMG and ours have
already attenuated it across the whole domain — the visual signa-
ture of multiscale transport that the highway bu [erk implement
(84.3). AMG matches the spread but pays in V-cycle synchronization
per iteration; ours runs the inner loop as a single CUDA-Graph
capture. Iteration counts on this frame (288 1097 334 19 384 for
unprec/Jacobi/IC/AMG/ours) span nearly two orders of magnitude,
but per-iteration cost reverses the ranking for AMG and IC. Standard
deviations across the 20 test frames track condition number rather
than #: Jacobi and unprec. CG show £ < 50-100% at # 8192
across the »5 100. contrast range, while ours stays at 21% even at
# =16 384.

7.3 Training dynamics and ablations

Training dynamics and loss. Fig. 4 tracks L¢es, the SAI loss on
the same checkpoints, and PCG iteration count across training.
The three curves move together until step 8000, after which
the SAI loss rises from 10 3to 05 while L keeps falling in
lockstep with PCG iterations — direct evidence of Prop. 1. the model
is moving the eigenvalues of ** away from k k in pointwise terms
while tightening the relative cluster wherever angular alignment
is easiest. Fig. 2 con [rmhs this on the spectrum at # =1024: SAl
deliversa 16 ” reduction with the cluster anchored near k k, the
same architecture trained with Lo delivers 68 with the cluster
wherever it pleased —a 4 3 gap attributable to the loss alone. Total
wall-clock training is 16 2 min on a single H200 (24 300 steps); the
model overtakes GPU Jacobi by step 2000 ( 1 3 min) and drops
below 200 PCG iterations by step 12000 (Fig. 7 corroborates the
link from probe-space alignment to spectral clustering).

Architecture ablations. Width 3, depth =., and highway connec-
tions each move total solve time non-trivially. Default (3 = 128,
= =3,hwon, 26M parameters): (i) shrinking depth =, =3 ¥ 1 cuts



Table 5. Core architecture ablations (subset of Supplementary Table ?7?).

Group Con [guration Infer. (ms) Iters Total (ms)
Width (avg. # 2 2048 4096 81929) 3=64 =.=3, hw 30 147 154
Width (avg. # 2 £2048 4096 8192g) 3=128 =.=3 hw 31 105 12.0
Width (avg. # 2 £2048 4096 8192g) 3=256 = =3, hw 32 191 19.3
Depth (# =8192) 3=128 = =1 hw 13 421 36.9
Depth (# =8192) 3=128 = =3 hw 34 168 17.9
Highways (# =2 048) 3=128 = =3 hw 33 66 88
Highways (# =2 048) 3=128 =, =3, no-hw 22 149 138

Table 6. Generalization at # =4 096 across the four eval distributions, in
PCG iterations and speedup vs. Jacobi (mean over 20 frames, rtol=10 8).
“Jacobi ms” is the baseline denominator used to compute speedup. Our
model and the SAl-loss ablation are trained on the complement of each eval
cell (held-out OOD setup); neural SPAI [Yang et al. 2025] is trained with the
same split protocol (train on the corresponding restricted distribution for
each eval row).

Neural SPAI
[Yang et al. 2025]

Ours Ours arch + SAl loss
Jacobi  (cosine loss) [Yang et al. 2025]

Eval distribution ms iters speedup iters speedup iters speedup
Full / in-distribution 294 82 34 405 09 236 09
Closed barriers only 24.7 68 33 208 13 258 07
High contrast 244 142 19 175 15 264 07
Closed , high contrast 251 147 19 174 16 396 05

inference 26 but doubles total solve time because iterations rise
25 (additional layers are needed to compose information routed
through the highway tokens); (ii) removing highways raises PCG
iterations 23 at # = 2048 and the penalty grows with #; (iii)
3 =64 is 28% slower overall, 3 =256 is competitive at small # but
raises mean PCG iterations from 105 to 191 when averaged over
# 212048 4096 8192g. Table 5 summarizes the core sweep results;
full rows remain in Supplementary, Table ??.

7.4 Generalization and what the loss buys

We probe within-family deployment robustness at # =4 096 across
three shifts — topology (closed barriers withheld from training),
contrast (train on dpeavy 2 »5 25., evaluate on ,25 100.), and their
composition — and compare three systems on identical eval sets:
ours, the same architecture trained instead with the SAl loss of [Yang
et al. 2025], and neural SPAI [Yang et al. 2025] trained/evaluated
under the same split protocol (Table 6). The same-architecture row is
a clean loss ablation; the neural SPAI row is a matched-split learned
baseline rather than a full-train upper bound.

Three observations carry the section. (i) Topology generalization
is essentially free: withholding closed barriers from training leaves
iteration counts unchanged (68 vs. 82), because the H -matrix parti-
tion is keyed to spatial indexing, not barrier geometry. (ii) The loss,
not the architecture or the data, is what unlocks the quality. Replacing
only the loss — same network, same training distribution — raises
iteration counts 5 at the in-distribution eval cell (82 ¥ 405);
the SAI gradient pins eigenvalues near k k, wasting capacity on a
constraint PCG does not care about (Prop. 1). Under matched-split
training, neural SPAI sits at 236—264 iterations on the [rst three
rows and degrades to 396 on the compositional row. Relative to
Jacobi, our row stays at 1 9-3 4 speedup across all eval cells, while

neural SPAlis09 ,07 ,07 ,and05 (slower than Jacobi in three
of four rows, and substantially slower in the compositional case); the
same-architecture SAI ablation reaches only 0 9-1 6 . (iii) Contrast
is the dominant remaining OOD axis for our method. Pure amplitude
growth is absorbed for free by L .s’s scale invariance, but far- [eltl
interactions at high contrast push the spectrum past the cluster the
network has seen — iteration count roughly doubles (82 ¥ 142—
147) and ¥ “ grows [udfold. Full robustness grid in Supplementary,
Table ??.

8 Discussion and Future Work

The recipe — a weak-admissibility H -matrix prior, a scale-invariant
cosine-Hutchinson objective, and a single-graph apply path — is
most useful where it targets: sti [_8very-frame-di Lerent SPD sys-
tems with a hard real-time budget. The architecture itself depends
on nothing [uid-speci [€Jonly a loose spatial ordering of degrees of
freedom, and extends directly to 3D (Fig. 1). We expect the largest
gains to persist on other SPD families with (i) geometric locality, (ii)
frame-to-frame coe [cieht changes, and (iii) hard real-time budgets
(implicit viscosity/di [usion, soft-body and contact dynamics) and
smaller gains where a single matrix is reused long enough for heavy
classical setup to amortize. Two known limitations are worth [ag-
ging: (a) training pre-sizes the partition to a maximum #, so pushing
past it currently requires retraining — a dynamic-partition variant
(constant leaf count at $,,# log # " rather than constant leaf size at
JH" , 84.2) removes this ceiling at the cost of one extra pooling
pass per layer; (b) the H-matrix prior assumes some spatial locality
of under its indexing, and degrades on operators without a natural
spatial coordinate (power-grid Laplacians, social-network matrices)
or where the far- [eltl rank does not decay with separation.
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Eigenvalue spectra - solver preconditioners (multiphase Poisson).
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Fig. 2. Spectraof ** at# =1024 on a representative multiphase Poisson

frame (full eigendecomposition; ~ ji Lerkd). Top: unpreconditioned (le D)1

and Jacobi (right). Boldm: same architecture trained with SAI (le L6
~ reduction, cluster anchored near _ = k k as the Frobenius objective
demands) versus cosine-Hutchinson (right, 68 reduction, cluster wherever
angular alignment is easiest). The 4 3 gap is a [ributable entirely to the loss.
The bimodal structure in both neural preconditioners reflects the two-phase
density contrast of the benchmark.

Off-diagonal rank: emitted by architecture vs required to capture A~!

provided rank: L; = 32 (constant, regardless of tile size)

| rank required to-Capture A~ tile to € = 10~

2.6x headroom
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10-2 4

10-3 4

Numerical rank, as fraction of tile size

shaded bands: + 10 across tiles in the same size class
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Off-diagonal tile size (nodes per side, =S-L with leaf L = 128)

Fig. 3. O[=diagonal rank audit: provided vs. required. Red: the architecture-
provided rank fraction g (1" at fixed 'g=32, plo [ed against o [=diagonal
distance class (. Dashed: the mean numerical rank fraction required for
truncated-SVD approximations of ! tiles to satisfy k= —-ak  k—k Y
atY 2 10 ® 10 © 10 9g, with bands giving 1f over tiles in the same
distance class. Required rank drops monotonically with ( (far interactions
are more compressible) while the architecture’s fixed rank stays above it
everywhere, with 26 headroom in the largest-distance class even at
Y=10 ° — the structural evidence that one shared o [=diagonal rank covers
every far-field tile (justifying c1, §4.2).

Training profile (d=128, L =3, hw, N=8192)
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Fig. 4. Training profile at # =8 192 (default config, 3 =128, =. =3, highways
on). Blue: cosine-Hutchinson loss Los (mean 1 over last 100 steps, linear
axis). Green dashed: SAl loss [Yang et al. 2025] on a held-out frame at the
same checkpoints (log axis); the down-then-up trajectory is the empirical
signature of the loss-ablation argument in §7.3 — the model keeps reducing
the cosine objective and the PCG iteration count a Lerlthe SAI surrogate has
bo [arhed out and started to climb. Orange: PCG iterations to rtol=10 8 on
that frame (log). Bo [arh axis: wall-clock minutes; top axis: optimizer steps.
Grey: unpreconditioned CG and Jacobi baselines.

Scale Sweep: Baseline vs Methods (multiphase Poisson)
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Fig. 5. End-to-end PCG solve time on the multiphase Poisson benchmark
across five problem sizes, 20 frames per scale (mean 1f band; relative
residual tolerance 10 8). Dashed grey lines mark the 24 and 60 fps interactive
budgets. Ours covers 143 down to  21fps; the closest classical GPU
baseline (Jacobi) covers 79 down to 15 fps; the closest learned baseline
(neural SPAI [Yang et al. 2025], re-trained per scale on our benchmark with
its CUDA apply path) covers 54 down to 14fps. AMGX SPAI and GPU
IC sit above 40 ms across all scales despite much lower iteration counts,
dominated by unparallelizable triangular solves or V-cycle synchronization.
Full per-method times and iteration counts appear in Table 4.



Aligned 200 MAz probes in shared PCA basis
Early M (step 8000, PCG=240)

Fig. 7. Probe-alignment dynamics during training at # =8192 (3 =128,
=. =3, highways on), over checkpoints in the 8k—24k step range. Each probe
(point) is plo [ed by the angle its image ** z makes with z in R* | early
in training (le Ds. late (right). As Lo drives the per-probe angle to zero,
the point cloud collapses inward — the spatial signature of the spectral
clustering of **  that Fig. 2 shows at # =1024 and that Fig. 4 shows in

PCG iteration counts.

Late M (step 24000, PCG=159)
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Fig. 6. Multiscale error transport across preconditioner families on a chal-
lenging multiphase Poisson frame (closed cross-barrier topology, sti Cdénsity
contrast), distinct from the teaser frame. Top row: densityd, right-hand side
1, pressure ?, jEj, and a top-le Cview of the learned **. Rows below, top to
bol@m: unpreconditioned CG, Jacobi, IC, AMG, ours. Each row shows jA. j
on a shared log color scale at five iteration snapshots; row labels give each
method’s iteration count to rtol=10 8. At : =1, Jacobi and IC damp error
only locally around supp,,1”, while AMG and ours have already a [eduated
the residual across the whole domain — direct evidence that the learned **
routes correction signals across graph-distant regions in a single apply, the
global routing pa Lerh the highway bu Lerk implement (84.3). AMG matches
the spread but pays in V-cycle synchronization per iteration; ours runs the
inner loop as a single CUDA-Graph-captured sequence of batched GEMMs
(85).
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This document collects the implementation details, dataset construc-  Convergence criterion. All reported solve times and iteration counts
tion, per-scale performance numbers, full traireval generalization are to a relative residual tolerance &f. kp krok, 108 . This is

grid behind Table 6, and the precision/apply-path discussion that two to three orders of magnitude tighter than the 103 accuracy
did not t the main-paper page budget. Section numbering is inde- typical of graphics-grade pressure projection. We chose the tighter

pendent of the main paper. tolerance so per-method comparisons re ect preconditioner qual-
ity rather than early termination; at 1§ every method nishes in
1 Experimental Setup Full Details fewer iterations, but the relative ordering and ratios we report are

Hardware. All GPU experiments run under a batch scheduler on Preserved.
a shared institutional GPU cluster. Each job allocates one NVIDIA
H200 (140 GB HBM3), eight Intel Xeon Platinum 8580 host cores
and 32 GiB host DRAM alongside the device (partial-node slice on
dual-socket nodes with eight GPUs per node). CPU baselines use
the same eight host cores.

Precision. PCG scalar accumulators (dot products, residual norms,
' step sizes) use oat64; preconditioner weights and the apply path use
oat32. Sec. 7 discusses why this split is su cient on sti systems
at our target tolerance and where each component sits within the
apply-path memory budget.

Software stack. GPU code is built with the CUDA 12 toolchain . .
and a PyTorch2.6.x build from a xed Conda environment, using 2 Network Architecture Details
torch.compile for graph capture. CPU baselines use Eigen, SciPy, This section expands the four-stage pipeline of main-paper 4 with
and PyAMG. Sparse matrix-vector products on the GPU use the the exact tensor shapes and module-level choices needed to repro-
CSR layout produced by the dataset generator (Sec. 4). PCG timingduce the network.
uses single-graph CUDA Graph replay for methods that admit it
(unpreconditioned CG, Jacobi, AMGX SPAI, neural SPAI, ours); IC-
and AMG-class methods are timed per launch since their sequential
triangular solves and V-cycle synchronization preclude single-graph
capture.

Encoder (Sec. 4.1). The per-node feature vector concatenates the
simulator-exposed scalar elds (density, pressure, geometric posi-
tion, boundary indicators) with a broadcast global context of dimen-
sion3gy0p = 12 summarizing per-frame statistics of the assembled
system. A two-layer MLP with GELU activations lifts this to widgh

Default model con guration. Unless noted, our model (3e428, The encoder then appliesycn=2 residual graph-convolutional lay-
= =3,1 = 128,%ag= 1,72 =4 (s0!p=32),Zgen=2, = 8 ers [Kipf and Welling 2017] that use itself (hormalized bydiag,, ")
attention heads, highways enabled (d128_L3_hwin gures). This as the message-passing weight. The encoder is the only stage that
Single Checkpoint is reused at evew in the main performance tOUCheS individual edges; dOWnstream Stages consume Only the
table. Sec. 2 expands the per-stage shapes and Sec. 3 the optimizeP€r-node embedding tensor of shape ,# 3.

and probe details. Diagonal attention stack (Sec. 4.2). Encoder embeddings are re-

Baseline tuning. GPU IC (multicolor_dilu) and GPU AMG set- ~ Shaped from,# 3" to, ! 3" and fed through= transformer
tings follow AMGX vendor defaults. A# = 8 192 we additionally blocks with attention restricted to within-leaf token pairs (the Swin-
swept the nearest neighboring AMGX hyperparameter con gura- style Iocal_wmdc_)w of _[Llu et al2021; Vaswani et a2017] adapted
tions (smoother type, coarsening strategy, maximum levels) and {0 & one-dimensional index range). Each block uses heads, head
veri ed that none meaningfully reduces total time relative to the de- ~ dimension3 = 16, a GELU-activated FFN witB fidden width,
fault. CPU PyAMG uses its default classical AMG cycle. AMGX SPAI Pre-norm LayerNorm, and residual connections. Attention logits
is included as the sparse-approximate-inverse data point; we keep C&TY @ learned per-head bias produced by a two-layer MLP from

its vendor defaults because the neural SPAI baseline whose public the four-dimensional edge descriptor , 36 84

implementation (_joes not currently support our problem class (main O -diagonal attention stack (Sec. 4.2). The same encoder embed-
paper, footnote in 7.1) would be the natural learned comparison, dings are pooled along each tile’s row- and column-strip J< to

not AMGX SPAI's hand-tuned variants. obtain per-leaf coarse summaries, then condensed along the in-strip
axisto!g=!? , =32 tokens per tile via uniform mean-pooling.

Authors’ Contact Information: Carl Osborne, MIT CSAIL, Cambridge, USA, osbo@mit. Ti|e_gr0uped tokens then arrive at the attention stack with shape
edu; Minghao Guo, MIT CSAIL, Cambridge, USA, guomh2014@gmail.com; Crystal ,, n o . . .

Owens, MIT CSAIL, Cambridge, USA, crystalo@mit.edu; Wojciech Matusik, MIT CSAIL, » H '8 3" independent of the p'hySIC?a| tl!e side !, and are pro-
Cambridge, USA, wojciech@csail.mit.edu. cessed by transformer blocks identical in form to the diagonal




stack (same head count, FFN width, normalization). Edge biases for Learning rate is reduced on plateau wiReduceLRONPIlateaffiac-

each in-tile token pair are computed from the mean,ofxgg gg
over all node pairs spanning the corresponding sub-strips.

Highway bu ers (Sec. 4.3). After every attention sublayer in either
stack, block-token embeddings are scatter-added into per-layer row,
column, and global bu ersy chw2R #3  andgw2R 3 (o-
diagonal tile tokens are rst repeat-interleaved back to fulleaf
resolution so each tile contributes uniformly across {tdeaves).

Before the FFN sublayer, each token’s row, column, and global high-

way slices are concatenated with its ow8idim embedding and
the resulting 8-wide vector is fed through the FFN input projec-
tion. The four-channel mix (2D local + 1D row + 1D column + 0D
broadcast) is repeated independently in every transformer block;
the bu ers themselves are not residual across blocks.

tor 05, patience 5 log steps, relative threshold B3 , minimum
max,Ir 10% 108”). Gradients are globally clipped te norm 1
before each AdamW step.

Auto-stop. Training proceeds for at most®ldptimizer steps but
is terminated early once the LR scheduler reach@a_Ir and the
cosine-Hutchinson loss has failed to improve by the samg® rel-
ative threshold over 10 consecutive log steps (twice the LR-scheduler
patience). At our default con guration this res at roughly 24 300
steps (main paper, 7.3).

Probe vectors. Ateach step we draw a batch efmax,64 dp #e”
probe vectors ZN, 0 " and apply two damped-Jacobi smoothing
sweeps with = 06 (main paper, Eq. 8) to redistribute probe energy
toward lower spatial frequencies. Probes are detached after smooth-

Decoder heads (Sec. 4.4). Three lightweight heads project tokering, so no gradient ows back through the smoother. The constant

embeddings to the factor tensors that the apply path consumes. The
leaf head is a two-layer MLP per diagonal-stream token followed by a
reshape into . 2R'' . The two o -diagonal heads are single linear
layers producing* < +< 2 R'B' & from the o -diagonal-stream
tokens { gtokens per tile, one head emits. , the other+< ). The two
node heads are single linear layers producing the bridge matrices
* £ 2R Bfrom the diagonal-stream per-node embeddings. A
nal scalar gate produces the Jacobi-residual weight _

Apply-path tensor layout. The decoder outputs are concatenated

into a single packed tensor of widtho = 12, |13, 2#!g,

# with strides aligned to theH -matrix partition. With the weak-
admissibilityH -matrix partition at admissibility parametdr= 1, the
number of unique o -diagonal tiles satises 'y = 1 (geometric
sum 2, 4, , 1loverthe strictupper triangle); the symmetric
lower triangle reuses the same: via the transposed applyst=

2 <& from the main-paper Sec. 5 equations. Concrete factor-tensor

64 Qoron | keeps gradient noise bounded at the smallest scales;
the  # growth keeps the per-step gradient signal-to-noise ratio
approximately constant as # grows.

Gradient accumulation. Each optimizer step aggregates gradients
over four random cached training contexts (graph,masks, padded
sizes, smoothed probes). Contexts are precomputed once and cached
on disk so the per-step cost is dominated by the forward/backward
through the network rather than dataset assembly.

H -matrix partition. The weak-admissibility partition is constructed
once per scale at training start with admissibility paramefer 1
and the leaf count=# ! determined by the scale. The partition is
keyed to# and reused unchanged on every test frame at that scale;
no part of the partition depends on or the right-hand side.

Wall-clock budget. End-to-end training of the default con gura-
tionis 16 min on one H200 &t = 8 192, with the model overtaking

sizes at the scales of the main paper’s performance table (main paper GPU Jacobi at step2 000 ( 13 min) and dropping under 200 PCG

Table 4) are listed in Sec. 7.

iterations by step 12000 ( 8 min). The training pro le is plotted

Explicit o -diagonal apply equations (main paper Sec. 5). For leaf In main paper Fig. 4.

residual ¥ 2R and tile leaf-rangefR< C. , the o -diagonal contri-
bution follows the same FMM-style chain used in the main text:

0 =*7r. ¢ =+ (restriction) 1)

q = 0. £ = 0. (strip aggregation) (2)
2R« :2C<

te = :”i tL = <§ (coarse coupling) (3)

Y. =% or th, Fococ tE (prolongation). 4

The stage-wise shape progression for one tile of spah is(<!!
(<!'eg!! g!'! gl ( <!'g!( <!.Inimplementation this is

four batched GEMMs with shapes ! ! g",," 4 !'s!8",, !! B
(restriction, coupling, prolongation; two directional bridge passes

4 Multiphase Poisson Benchmark Generation

This appendix gives the precise procedure for generating each frame
of the multiphase Poisson benchmark used throughout the main
paper.

Grid and ordering. Each frame targétsdegrees of freedom on a
2D structured grid of dimensions with, # and,
chosen as close to square as possible, All cells are sorted by
Morton (Z-order) code and truncated to the rst cells, giving
a contiguous Morton-ordered index set. Edges and density values
follow the same ordering. We use a structured grid (rather than a
particle cloud) so that the assembledhas the canonical 5-point
Laplacian sparsity pattern, isolating the e ect of the heterogeneous

share the same launch shape), plus two partition-indexed scatter- -yq cient eld on conditioning.

adds for strip aggregation and redistribution.

3 Training Procedure

Optimizer and schedule. We train with AdamW (PyTorch defaults
for Vi Wb n, weight decay 10 ) at initial learning rate 2 10%.

Density eld. Per frame the heavy densiteavy is drawn log-
uniformly from »6 10Q.with djigne = 1. We then sample; Uniformf 1 2 3g
barriers; each barrier is independently

(1) assigned an orientation (vertical or horizontal, equiprobable);



(2) given a center coordinate drawn uniformly fron02 08...
along the cross axis, in normalized grid coordinates;

(3) given a thickness drawn uniformly from »0 05 0 20...;

(4) given a gap topology drawn uniformly fronftop bottom
middle_hole closedg.

Acellis heavyi itliesin the heavy region of any barrier, so multiple
barriers can overlap to form cross- or L-shaped inclusions. Each
cell’s density is nally multiplied by 1N, 0 005 for ne-grain
symmetry breaking.

Operator assembly. is the standard 5-point pressure-Poisson
Laplacian with harmonic-mean face conductariegs=2dgdg ,,d g,
do’, evaluated on cell-cell faces. Boundary cells use zero- ux (Neu-

mann) boundary conditions, as is standard forincompressible pressure-

projection in graphics-grade uid simulators. We do not apply a
zero-mean constraint to the resulting null-space mode; CG handles
it implicitly when the right-hand side is consistent.

Right-hand side. For each frame we drawNy, 0 " projected
onto the orthogonal complement of the constant vector =0 to
ensure consistency with the Neumann null-space). This is a worst-
case right-hand-side distribution from a preconditioner’s perspec-
tive: it weights all spatial frequencies equally, including the low
ones that are hardest for local preconditioners.

Per-scale dataset sizes. For each of ve scales, spa#iring 024

row (Full training, evaluated on closed-only and high-contrast sub-
sets) and a fourth, compositional training distribution that excludes
closed barriers and restricts contrast tagdyy2 »5 25....

Table 2. Within-family generalization grid for the proposed method at
#=4096 (tol= 108 , 20 frames per cell). Each cell reports meatd PCG
iterations; dashes mark cells that are in-distribution for the corresponding
training set (so the entry would duplicate the le most column). The fourth
training row is a compositional distribution that excludes closed barriers
and restricts contrast ta@heavy2 »6 25.;.the rightmost column evaluates it
on the joint shi (closed barriers , high contrast).

Eval distribution

Train distribution Full (id)  Closed only High contrast Closed, high

Full 82 28

Excl. closed barriers 78 19 68 16

Low contrast 78 26 142 126

Excl. closed , low d 95 29 89 20 153 97 147 102

Mean total solve (ms) 8295 7490 131139 135
oop (iters) 100 (def) 087094 182,161 155

oop is the ratio of iterations in the cell to the in-distribution cell
of the same training row (lower is better). Row 1 (Full) is included
so the in-distribution operating point is on the same page as the

to # = 16 384, we generate 100 training frames and 20 test frames oop numbers: we omit its trivial OOD columns.

with disjoint seeds. Training and test split the same generator dis-
tribution.

5 Per-frame Iteration-count Variability
The consolidated per-scale times and mean iteration counts have

moved to the main paper, Table 4. This section reports the across-

frame variability ( 1f over the same 20 test frames per scale) that
the main table omits to t the column budget.

Table 1. Per-frame mearstd PCG iteration counts on the multiphase Pois-
son benchmarkrtol = 108, 20 frames per scale). Bold row marks the
proposed method.

Method #1024 #=2048 #=4096 #=8192 #=16384
Unprec. CG (GPU) 497 144 650 240 1153 434 1765 1744 2103 1113
Jacobi (GPU) 32583 429112 839476 968 261 1543 1137
IC/DILU (GPU) 111 151 224 305 40 4

AMG / AMGX (GPU) 10 10 11 20 30

Neural SPAI (GPU) [Yang etal. 2025] 1186 1678 24641 33824 496 107
IC (CPU) 5018 9623 11331 17047 25461
AMG (CPU) 56 96 57 78 10 8

ours (GPU) 479 6616 8024 16826 394 68

The neural SPAI baseline is re-trained per scale (one network per
#) using the SAl loss of [Yang et.&025] on the same training
distribution as ours; the row reports mearstd across the same
per-scale test-frame evaluation as the other methods.

6 Generalization Robustness

Table 6 in the main paper reports four cells of a wider traireval
grid that probes within-family robustness &t = 4 096. Table 2 re-
ports the full grid for our method, adding both the in-distribution

The grid shows that topology shift is inexpensive §op=087
094), while contrast shift is the dominant OOD costdop=155
182). Even in the compositional shift cell (closgdigh contrast),
the model remains at 1 9 Jacobi-relative speedup.

7 Precision and Hardware E iciency

This section expands the precision and apply-path arguments refer-
enced from main paper 5and 7.1.

Mixed precision split and its motivation. The apply path con-
sists of dense batched GEMMs of shapes !” ,," y !'g!g’, and
» 11 g’ (main paper 5). Atl = 128! 5=32 each individual matmul
has condition number bounded by the singular-value spread of its
factor (typically 1 in our trained models), well within 0at32’s

10 representable range. PCG'’s scalar accumulators, by contrast,
run over the whole residual vector and accumuldig#” terms per
iteration; on sti multiphase systems we observed residual norms
drift by 1 2 orders of magnitude over a few hundred iterations when
those accumulators were held at oat32, which can cause spurious
early termination atrtol= 108 . Holding only the scalar accumula-
tors (dot products, residual norms, step sizes) at oat64 eliminates
that drift without paying oat64's 2 memory/throughput penalty
on the bulk GEMMs. This is the same precision split used in CG
implementations in cuSPARSE and AMGX.

Factor-tensor memory footprint. The packed factor tensor of width
%=12" yl3, 2#!g,# (mainpaper 4.4) determines the apply-
path memory budget. With= 128)5=32,and' y= 1lat[=1
weak admissibility, Table 3 lists the absolute numbers at the scales
in Table 1.



Table 3. Factor-tensor breakdown for the default configuratios (128! g=
327, =4). =# ! istheleafcount;' y = 1isthe unique o -diagonal
tile count under weak admissibility[E 1);%is the total packed width in
float32 elements; MB is the resulting on-device footprint.

# " 12 % MB
1024 8 7 0131M 020M 082
2048 16 15 0262M 041M 164
4096 32 31 0524M 082M 329
8192 64 63 1049M 165M 658
16384 128 127 2097M 329M 132

The factor tensor scales linearly i#f at xed ! and stays below
10 MB through# = 8 192; att = 16 384 it reaches 1I3MB and still

ts comfortably in a single H200’s HBM. The dominant term at every
scaleis! 2 (the dense diagonal leaves), riot, ! 4: distant tiles are
compressed so aggressively that the entire o -diagonal contribution
costs less than the diagonal even though it coversll of the
matrix.

Apply-path kernel breakdown. Main paper Table 3 reports the
kernel-family split at# = 8 192: CUTLASS Tensor-Op GEMMs (31%)
plus CUTLASS fused attention (14%) account fd5% of device
time; the remaining 55% is elementwise operations, layout re-
shapes, and small bookkeeping kernels.

(a) H-matrix partition. (b) Highway channels.

Fig. 1. Le : weak-admissibilityH -matrix partition. Dense diagonal leaves
along the main diagonal; admissible o -diagonal tiles double in size with
separation. Right: per-layer highway channels. One red overlay marks the
row- and column-index sets of a representative o -diagonal tile; this tile
contributes sca er-adds to those strips and to a single global token four
communication channels of dimensions 2D / 1D / 1D / 0D per layer.

A (sparsity pattern)
top-left 256 x 256

A1 (rank-normalized)
top-left 256 x 256

Learned M (rank-normalized)
to)

Fig. 2. The sparse operator, its dense inverse !, and the assembled
learned" 1 (top-le 256 256) on a multiphase pressure-Poisson
frame, on a shared rank-normalized color scale. All three share the weak-
admissibility block-and-tile pa ern: full-rank diagonal blocks plus o -

What would have to change for tighter tolerance. The o0at32 apply diagonal tiles whose magnitude decays with separation. This pa ern is
path supportstol 108 across all scales we evaluate. For graphics €xactly the prior quantified by main paper Fig. 3.

applications this is two to three orders of magnitude tighter than
typical pressure-projection tolerances and is therefore su cient. For
scienti ¢ applications requiringrtol  101° or stricter, the apply
path would either need a full oat64 pass (doubling device-memory
and halving Tensor-Core throughput) or an outer iterative re ne-
ment loop that uses the oat32 apply as an inner preconditioner.
We did not implement either since they fall outside the regime we
target.

8 Additional Figures and Tables Referenced from the Main
Paper

This section provides optional gures and detailed-breakdown tables
for readers who want additional clarity on the method and results.

Density p

o=
I I I 100
i“ i
\ 100
100 .

Fig. 3. Arepresentative frame from our multiphase pressure-Poisson bench-
mark at# = 16 384. Le : heterogeneous densitywith 27 contrast, sep-

RHS b=-2,p

Pressure p

arated by closed and partially-closed barriers (yellow). Middle: buoyancy-

Main_paper cross-references resolve to the Figure/Tab|e number driven right-hand sidel = m-d, concentrated on horizontal density inter-

shown next to each caption below.

faces. Right: recovered pressure ? with velocity r? d overlaid.



Table 4. Hyperparameter ablations on multiphase Poissdnl = 108 , Table 5. Neural-method runtime components by scale: preconditioner infer-
20 frames per scale, neural preconditioner only). Train = wall-clock to con- ence and PCG solve time (ms), plus total time and iterations aligned with the
vergence; Infer. = preconditioner forward pass; Iters = mean PCG iters; Total main-paper performance table. Neural SPAI uses the re-trained-per-scale

=inference , PCG solve; solve time = fractional change vs. the row. CUDA apply path of [Yang et al. 2025].
Con guration Train Infer. Iters Total solve Scale# Infer.(ms) Solve (ms) Total (ms) Iters
(min) (M) (ms) time Neural SPAI (GPU, CUDA apply) [Yang et al. 2025]
Width (avg. # 2 f2048 4096 81929): 1024 4.6 13.8 18.4 118
3=64 ==3, hw 9.5 3.0 147 154 ,28% 2048 3.8 22.2 26.0 167
3=128 3, hw 10.7 31 105 120 4096 6.6 31.7 38.3 246
3=256 ==3, hw 12.3 32 191 193 ,61% 8192 4.4 43.8 48.1 338
Depth (# =8192): 16384 4.9 66.0 70.9 496
3=128 ==1, hw 6.1 1.3 421 36.9 ,106% Ours (GPU)
3=128 ==2,hw 9.6 23 218 208 ,16% 1024 1.9 5.1 7.0 47
3=128 ==3,hw 16.2 34 168 17.9 2048 1.9 6.9 8.8 66
- 4096 2.2 7.0 9.2 80
Highways (# =2048): 8192 4.0 13.9 17.9 168
37128 ==3, hw 60 33 66 88 16384 17.0 30.6 476 394

3=128 ==3, no-hw 4.8 22 149 138 58%
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