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Why Computational Design and Manufacturing?
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Human Computer Interaction (HCI)

toughness

en
er

gy

Machine 
Code

High-Level 
Specifications

Hardware Design



Artificial Intelligence (AI) & Machine Learning
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Operating Systems for Future Factory

• Multi-tasking

• Distributed systems



Who’s working on this?

Highly interdisciplinary field!

Presenter
Presentation Notes
The main fields that are currently pushing research in computational fabrication are:
Mechanical Eng Robotics : new fabrication tools, verification systems, design of cyber physical systems 

HCI: interfaces for design:
Understanding how users interact with design, using this to drive interfaces that makes it simpler for people with little expertise to design newobjects 

, interfaces with manufacturing hardwardware

Computer Graphics: geometry, design optimization, accurate simulation

Systems/PL: how do define hardware abstractions and DSLs for design: think of a factory as a computer: scheduling etc.

And of course there many other areas that are related: from ML, to security, to computational biology 

So one of the most exciting thing about this area is that it is highly interdisciplinary. 
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Human-Computer Interaction

Hardware interfaces Design Systems
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The HCI community is bring in undertaking of how users interacted with making

Very interesting work from this community :

Understanding how users interact with design, using this to drive interfaces that makes it simpler for people with little expertise to design new objects. 

, interfaces with manufacturing hardwardware


Understanding how users interact with design, using this to drive interfaces that makes it simpler for people with little expertise to design newobjects 

, interfaces with manufacturing hardwardware

Computer Graphics: geometry, design optimization, accurate simulation

Systems/PL: how do define hardware abstractions and DSLs for design: think of a factory as a computer: scheduling etc.

And of course there many other areas that are related: from ML, to security, to computational biology 

So one of the most exciting thing about this area is that it is highly interdisciplinary. 



Computer Graphics

Performance-Driven DesignGeometry Processing
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Computer Graphics: geometry, design optimization, accurate simulation

Systems/PL: how do define hardware abstractions and DSLs for design: think of a factory as a computer: scheduling etc.

And of course there many other areas that are related: from ML, to security, to computational biology 

So one of the most exciting thing about this area is that it is highly interdisciplinary. 
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Systems/PL: how do define hardware abstractions and DSLs for design: think of a factory as a computer: scheduling etc.

And of course there many other areas that are related: from ML, to security, to computational biology 
And  even outside computer graphics 
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We are going to take a computational perspective 
With a computer graphics focus: we are going to look at computational design problems
(but we are going to look at the full pipeline)



What Will You Learn?
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• Hardware and its abstractions
• Surfaces and Solids
• Parametric Modeling
• Performance Space Representations
• Inverse Methods
• High Performance Applications

toughness

Machine Code PerformanceHardware Design

Presenter
Presentation Notes
look at the whole stack and but we going to focus on computational design.
We are going to look at: 




The Team

• Instructors
– Wojciech Matusik
– Adriana Schulz



Hardware Overview



Subtractive Manufacturing

• Start with a block of material

• Remove material to obtain a given shape

Source: 
https://commons.wikimedia.org

https://commons.wikimedia.org/


Computer Numerical Control (CNC) Cutting

• Many different methods (e.g, laser cutting, water jetting)

• Input: 2D vector format

• Output: G-code

https://en.wikipedia.org/wiki/Laser_cutting

https://en.wikipedia.org/wiki/Laser_cutting


3-Axis CNC Milling/Engraving

• Input: 2.5D (heightfield) 

• Output: G-code, multiple passes

https://www.youtube.com/watch?v=uE-49w6JtTk

https://www.youtube.com/watch?v=uE-49w6JtTk


5-Axis CNC Milling

• Input: 3D Mesh

• Output: G-code, multiple passes

https://www.youtube.com/watch?v=uE-49w6JtTk

https://www.youtube.com/watch?v=uE-49w6JtTk


Shima/Ministry of Supply

Whole-garment Knitting



Whole-garment Knitting



Computerized Embroidery

• Input: 2D vector graphics/image

• Output: proprietary format



3D Printing Basics



3D Printing  = Additive Manufacturing

https://commons.wikimedia.org/wiki/File:3D_printing_on_replicator_2.webm

https://commons.wikimedia.org/wiki/File:3D_printing_on_replicator_2.webm


3D Printing  Process

• Slice 3D model into layers



3D Printing  Process

• Slice 3D model into layers

• Manufacture layers one by one (e.g., bottom-up)

Source: 
https://commons.wikimedia.org

https://commons.wikimedia.org/


Additive Manufacturing Processes

• Fused deposition modeling (FDM)

• Stereolithography (SLA)

• DLP 3D printing

• Selective laser sintering (SLS)

• Direct metal laser sintering (DMLS)

• Plaster-based 3D printing (PP)

• Photopolymer Phase Change Inkjets

• Thermal Phase Change Inkjets

• Laminated object manufacturing (LOM)



Fused Deposition Modeling (FDM)

• Fused Filament Fabrication 
(FFF)

• Filament is made of 
thermoplastic materials
– e..g., ABS, polycarbonate, PLA

• Temporary support structure 
can be made from water-
soluble material such as PVA
– removed using heated sodium 

hydroxide solution

Source: http://reprap.org

http://reprap.org/


FDM with Carbon Fiber

Source: Markforged



Stereolithography (SLA)

• SLA uses liquid ultraviolet 
curable photopolymer 
resin

• Laser beam traces one 
layer on the surface of 
the resin

• Laser light cures and 
solidifies the layer

Source: http://en.wikipedia.org/

http://en.wikipedia.org/


Stereolithography Process



Selective Laser Sintering (SLS)
Direct Metal Laser Sintering (DMLS)

• SLS and DMLS use a bed of 
small particles (made of 
plastic, metal, ceramic, or 
glass) 

• High-power laser traces one 
layer on the surface of the 
powder bed melting/fusing 
the particles

Source: 
http://en.wikipedia.org/wiki/Selective_laser_sintering

http://en.wikipedia.org/wiki/Selective_laser_sintering


SLS & DMLS Process

Source:  
https://www.youtube.com/watch?v=BZLGLzyMKn4

https://www.youtube.com/watch?v=BZLGLzyMKn4


Sample Fabricated Parts

Sources: http://www.bridgesmathart.org , 
http://www.freedomofcreation.com

http://www.bridgesmathart.org/
http://www.freedomofcreation.com/


Photopolymer Phase Change Inkjets

• Inkjet printhead jets liquid 
photopolymer and support 
material

• UV light cures photopolymer and 
support material

• Excess material is removed using a 
roller

• The platform descends by one 
layer

Source: http://www.engatech.com/Objet-3D-Printing-
Technology.asp

http://www.engatech.com/Objet-3D-Printing-Technology.asp


Printing Process

https://www.youtube.com/watch?v=XLLq9SwSTpM

https://www.youtube.com/watch?v=XLLq9SwSTpM


Sample Fabricated Objects

Source: Objet Geometries



From Design to Machine Code



Computational Design and Fabrication Pipeline
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3D Printing Software Pipeline

Input Model

Orientation and Positioning

Support Structures

Slicing

Path Planning

Machine Instructions



Parametric Surface

Surface Representations

Implicit SurfacePolygonal Mesh

e.g. triangle soup



Volumetric Representations

Source: Wikipedia, Tetgen.org, www.volumegraphics.com

Tetrahedral MeshConstructive Solid Geometry Voxel Grid



2D Euclidean Distance Field Example

• An object’s distance field represents, for any point 
in space, the distance from that point to the object
– The distance can be signed to distinguish between the inside and 

outside of the object

R shape Distance field of R
Perry and Frisken



3D Printing Software Pipeline

Input Model

Orientation and Positioning

Support Structures

Slicing

Path Planning

Machine Instructions



Model Orientation: Mechanical Properties

strong weakprinting 
direction



Model Orientation: Mechanical Properties

printing 
direction

printing 
direction

max load: 0.22kg

max load: 3.51kg

weak

strong



Model Orientation: Build Time

• Build speed is slower for the z direction compared 
to the xy direction

longer build time shorter build time

z



Model Orientation: Support Volume

more support volume less support volume

zsupportsupport
support



Model Orientation: Surface Accuracy

• Difference between the input shape and the printed shape
– Difference in volume
– Difference in the normal direction

Presenter
Presentation Notes
Surface accuracy is measured by computing
the difference between the estimated volume of the manufactured part and the volume of the
designed part. 



Model Orientation: Support Contact Area 

larger contact area smaller contact area

z

• Contact area between support material and object 
– should be minimized
– can be geometrically computed

support support

support



Model Orientation: Support Contact Area 

• After  support removal 

http://electecnik.blogspot.com/2011/12/fds-frame-after-support-removal.html



Algorithms for Specifying Model Orientation

• Manual placement
– User is responsible for placing parts on the build tray

• Semi-automated placement
– User places parts on the build tray
– System provides feedback on build time, support volume, 

support contact area, mechanical properties

• Automated placement
– orientation is computed using optimization according to one or 

more objectives (build time, support volume, support area, 
mechanical properties) 



Simple Algorithm to Compute Orientation

• Exhaustive search

• Compute a uniform set of directions

• Compute a value of objective function for each direction
– Build time
– Support volume
– Support contact area
– Mechanical strength

• Pick orientation with the minimum value of the objective
– Single objective (typical)
– Multiple objectives need to be weighted (weights are difficult to set)



3D Printing Software Pipeline

Input Model

Orientation and Positioning

Support Structures

Slicing

Path Planning

Machine Instructions



Why Support Structures?



Simple Conservative Algorithm

• Use ray casting in the z direction 
to compute all  intersections for a 
ray

• Sort intersections in the increasing 
z to determine intervals 
inside/outside of the object

• Any outside intervals before the 
last inside interval should contain 
support



Support Generation: Draft Angle

• Many printers can print at some draft angle

Huang et al. 2009
unoptimized support optimized support



Optimized Support Structures

Huang et al. 2009



Unoptimized vs. Optimized Support Structure

Huang et al. 2009



Advanced Algorithms: Photoshop



Advanced Algorithms: MeshMixer

Source: Schmidt and Umetani



Advanced Algorithms: MeshMixer

• Assume we have a point that needs support

• Can connect point (via support post) to:
1) Ground
2) Object
3) Another post

• Problems to solve:
1) Support Points?
2) Connection Strategy?

Source: Schmidt and Umetani



Advanced Algorithms: MeshMixer

• Compute point-sampling
of overhang areas

• Densely cover overhangs 
from bottom to top 

Source: Schmidt and Umetani



Advanced Algorithms: MeshMixer

• Top-Down Growing Strategy:

1) Add support points to priority queue
– Sorted top-down 

2) While queue is not empty
– Pop topmost point P
– Try to connect downwards to ground/object.
– Else try to pair with closest free point
– Else grow downwards a fixed step.
– Add new point to queue

Source: Schmidt and Umetani



Advanced Algorithms: MeshMixer

Source: 
http://www.youtube.com/watch?v=aFTyTV3wwsE

http://www.youtube.com/watch?v=aFTyTV3wwsE


Advanced Algorithms: Bridging the Gap

 Support/length ratio  Sensitive to torque

Source: Dumas, Siggraph 2014

Presenter
Presentation Notes
+ better at high speed



Think With Bridges

 Support/length ratio Resistant to torque

Source: Dumas, Siggraph 2014



Printing Bridges

Source: http://youtu.be/wK2APNwEoSk

Source: Dumas, Siggraph 2014

http://youtu.be/wK2APNwEoSk


Torque

Source: Dumas, Siggraph 2014



Advanced Algorithms: Bridging the Gap

Source: Dumas, Siggraph 2014



3D Printing Software Pipeline

Input Model

Orientation and Positioning

Support Structures

Slicing

Path Planning

Machine Instructions



Slicing

• For a discrete z value, compute an intersection of a 
plane with a model



Slicing Issues

• Given that each layer has some finite thickness, 
which plane to choose
– bottom
– top
– middle



Slicing Algorithms: Direct Plane-Triangle Intersection

• For each triangle
– Intersect triangle with the z plane
– If they intersect, store the line segment

• Connect line segments, store contours

Source: Choi and Kwok, 
2002



Slicing Algorithms: Direct Plane-Triangle Intersection

• For each triangle
– Intersect triangle with the z plane
– If they intersect, store the line segment

• Connect line segments, store contours

1. Intersect each edge with the plane
2. If two intersection points, connect 

them to form a line segment

Source: Choi and Kwok, 
2002



Slicing Algorithms: Direct Plane-Triangle Intersection

• For each triangle
– Intersect triangle with the z plane
– If they intersect, store the line segment

• Connect line segments, store contours

Issues
• spurious line segments
• missing line segments

Epsilons 



Slicing Algorithms: Direct Plane-Triangle Intersection

• STL models are not always watertight -> epsilons

Source: Marsan et al, 1998



Slicing Results with Direct Plane-Triangle Intersection

From Choi and Kwok, 2002



More Efficient Slicing

• Slicing might be a bottleneck when working with 
large models

• Lots of opportunities for very fast/robust 
algorithms
– Using computer graphics acceleration data 

structures
– Z-sorting
– GPU-based methods
– Efficient out-of-core methods

• when model does not fit in the memory



Adaptive Slicing

• Slice height is adapted to the input geometry

• Adaptive slicing is rarely used

input model uniform slicing adaptive slicing



3D Printing Software Pipeline

Input Model

Orientation and Positioning

Support Structures

Slicing

Path Planning

Machine Instructions



What Does Path Planning Influence?

• Build time
– repositioning the tool at the start of a new path
– accelerating and decelerating for direction changes

• Surface accuracy
– the filament size

• Distortion
– materials with a high coefficient of thermal expansion
– the top layer shrinks when it hardens and it distorts since 

it is tied to the bottom layer
• Stiffness and strength

– fill pattern
– the area and strength of bonds depends on spacing and 

the time interval between the tool traversal

Presenter
Presentation Notes
differences in the time spent in repositioning the tool at the start of a new path, during which it is not depositing or solidifying material, and in accelerating and decelerating for direction changes

the finite width and depth of each deposited filament inherently prevents exact manufacture of the desired shape. These factors must be considered in seeking to maximize part accuracy

especially prevalent in processes where material with a high coefficient of thermal expansion is added incrementally. As molten or unsolidified material hardens on top of a previously solidified layer, it has a tendency to shrink. However, it is constrained by the layer below, which leads to residual stresses and subsequent warpage or other distortion of the part. A suitable choice of tool paths can minimize this effect.

Stiffness and strength
the area and strength of bonds formed between newly deposited material with previously hardened material depends on the spacing of adjacent tool paths and the time interval between their traversal by the tool.








Path Planning for Vector-based 3D Printing

• Contour

• Contour + solid interior

• Contour + interior fill pattern



Path Planning for Vector-based 3D Printing: Contour 

• Allows manufacturing 
hollow objects, some 
overhangs, some tilted 
surfaces

• Reduces frequency of tool 
repositioning

• Reduces support structures

Source: http://www.3ders.org

http://www.3ders.org/


Path Planning for Vector-based 3D Printing: Contour 

• Offset inwards by distance equal to the filament 
radius

• offset vertices
• remove self-intersections and model intersections

no offset offset inwards



Path Planning for Vector-based 3D Printing: Interior

• Tracing contours is combined with filling the 
interior

• The interior can be completely filled

Han et al 2002

Horton et al 1993
retracted hatch alternate sequencing



Material Shrinkage/Warping

• Materials can shrink when cooling down/curing

• Path patterns can minimize this effect

Source: http://cc-products.de, http://www.deelip.com

http://cc-products.de/
http://www.deelip.com/


Filling in the Whole Object

underfill overfill

Han et al 2002



Path Planning: Interior

• Tracing contours is combined with filling the 
interior

• Many different fill patterns can be used

TriHatch

Horton et al 1993

QuickCast



Path Planning for Vector-based 3D Printing: Interior

• A honeycomb-cell structure a good trade-off 
between overall weight and strength 



More Fill Patterns

• In-plane

• Out-of-plane

contour raster spiral

Kulkarni and Dutta 1999



Equidistant Path Generation

• A set of paths are extracted based on distance to 
the surface

Yang et al.2002

inward offset outward offset



Fermat Spirals

Zhao et al 2017



3D Printing Software Pipeline

Input Model

Orientation and Positioning

Support Structures

Slicing

Path Planning

Machine Instructions
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Design Space Representations



Brute Force Inverse is Hard

• Try all per-voxel combinations

Number of combinations

3(6003)combinations

1 inch cube at 600 dpi

3 materials

Presenter
Presentation Notes
Even for a 2-inch cube, the number of combinations is huge.



Reduced Parameters

High-dimensional
Design Space
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Reduced Parameters
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Reduced Parameters

High-dimensional
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Reduced Parameters

High-dimensional
Design Space

High-
dimensional 
Design Space 

for 3D 
Printable 

Pianos

Low-
dimensional 

Reduced Design 
Space = Parametric Design
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• Each design can be mathematically represented as a 
point in ℝ𝐷𝐷, where 𝐷𝐷 = number of voxels in a build 
volume  

Design Space

Design Space

ℝ𝐷𝐷

𝒳𝒳

Presenter
Presentation Notes
In order to study design problems, it is extremely useful to have a formal mathematical framework.
That’s why we are going to introduce a concept of the design space.
Design space is a mathematical space, where the dimensionality of this space is equal to the number of possible parameters.
Let’s say we discretize our build volume into D voxels, then we can take each design – a volume of voxels – and unroll it into one long vector.
A given element in this vector will have a value 0 if it is void and 1 if it contains material.
We can extend this to continuous values between 0 and 1: in this case a voxel can have partial occupancy, 
Each of the possible designs is going to be a point in this high dimensional space.





• Each design can be mathematically represented as a 
point in ℝ𝐷𝐷

Design Space

Reducing Design Space

ℝ𝐷𝐷

𝒳𝒳
number of dimensions

parametric models voxels

Presenter
Presentation Notes
It is worth to note that there are many possible ways to express a design space.
On one hand it can be a parametric CAD model with a relatively small number of parameters, say 4-5.
For example, this bench where we can vary its width, height, number of planks, and angles.
This space constrains the designs quite extensively.
On the other hand, you can have design spaces with extremely large number of parameters, e.g., millions of billions of voxels.
These design spaces effectively represent all possible things that can be manufactured using a 3D printer.



Reduced Parameters

parameters

Parametric
Design

119

Presenter
Presentation Notes
So the way we address this is by using parametric shapes. 
A parametric shape is a function that outputs a different geometry for different parameter configurations.
Parametrization defines and constrains the ways a shape can vary in a way that preserves the structural integrity of the shape
Notice how the width of the doors changes along with  cabinets so they will also align when closed.
Also, these constraints can handle fabrication-aware rules. 
Notice how the number and position of connectors changes as the template parameters vary

This is Advantageous (click) because they constrain the manipulations to structure-preserving (and potentially fabrication-aware) variations and also (click) reduce the search space, making computations more efficient



CAD Shape Collections

GrabCAD
Thingiverse

Onshape’s Public Repository

120

Presenter
Presentation Notes
These models are everywhere and they are widely available in online repositories
�



Expert Designed Parameters

exposed parameters

121

Presenter
Presentation Notes
Further when engineers model objects in CAD systems, they embed their expertise and knowledge in carefully selected fabrication aware parameters, 

For example (click) in this fillet which defines the rounding around these edges(click) – the minimum radius is constrained for the compatibly with milling machines. 

And engineers will typically expose a small set of parameters over which they optimize the shape (click). 

However, until now, this parametric space



OpenSCAD

• Software for creating solid 3D CAD 
models

• Not an interactive modeler

– Very basic UI

• A 3D-compiler

– Geometry written as a script
– Executed using CGAL/OpenCSG
– Rendered with OpenGL

• Available for Linux/UNIX, Windows, 
Mac OS X

– http://www.openscad.org

122

http://www.openscad.org/


OpenSCAD

• Interface

– 3 panels
• Script
• View
• Info

• Compile (F5)

– Design->Compile

• Show Axes (Ctrl+2)

123



3D Primitives

• Sphere

– sphere(5); sphere(r=5); 

• Cube

– cube(5);

– cube([4,8,16]); 

• Cylinder

– cylinder(20,10,5); 
cylinder(h = 20, r1 = 10, 
r2 = 5);

– cylinder(h=20,r=10);

124



Transformations

• Translate
– e.g., translate([10,0,0]) 
sphere(5); // translate along 
x axis

• Rotate

• Scale

• Order dependent
– translate([0,0,10]) 
rotate([45,0,0]) 
cylinder([20,10,0]); 

– Color(“green”) 
rotate([45,0,0]) 
translate([0,0,10]) 
cylinder([20,10,0]); 

125



CSG

• Union

• Intersection

• Difference

• Example:

union() 

{

translate([0,-25,-25]) cylinder(50,10,10);

rotate([90,0,0]) cylinder(50,8,8); 

}

126



Loops

for (loop_variable_name = range or vector) {

…..

}

127



Loops

128

Presenter
Presentation Notes
Iteration over a vector of vectors (rotation)




Module

• Procedures/Functions
module leaves() { cylinder(20,5,0); } 

module box() { cube([5,10,15]); } 

module tree() {  

leaves(); 

scale([0.5,0.5,0.5]) translate([-2.5,-5,-15]) box(); 

}

tree();

129



Module

• Parameters
module box(w,l,h,tx,ty,tz){ 

translate([tx,ty,tz]) 
cube([w,l,h]);

} 

box(5,10,15,10,0,5);

• Default values
module box2(w=5,l=10,h=20){ 

echo("w=", w, " l=", l, " h=", h);

cube([w,l,h]);

}

box2();

130



Parametric Model in OpenSCAD

module simple_tree(size, dna, n) {   
if (n > 0) {

// trunk
cylinder(r1=size/10, r2=size/12, h=size, $fn=24);
// branches
translate([0,0,size])

for(bd = dna) {
angx = bd[0];
angz = bd[1];
scal = bd[2];

rotate([angx,0,angz])
simple_tree(scal*size, dna, n-1);

}
}
else // leaves

color("green")
scale([1,1,3])

translate([0,0,size/6]) 
rotate([90,0,0]) 

cylinder(r=size/6,h=size/10);
}
// dna is a list of branching data bd of the tree:
//      bd[0] - inclination of the branch
//      bd[1] - Z rotation angle of the branch
//      bd[2] - relative scale of the branch
dna = [ [12,  80, 0.85], [55,    0, 0.6], 

[62, 125, 0.6], [57, -125, 0.6] ];
simple_tree(50, dna, 6);

131



L-system

• nonterminals : 0, 1 

• terminals : [ , ], +, -

• start : 0 

• rules : (1 → 11), (0 → 1[+0][-0])

0

• Visual representation: turtle graphics
– 0: draw a line segment ending in a leaf
– 1: draw a line segment
– - turn left 45 degrees
– + turn right 45 degrees
– [: push position and angle, 
– ]: pop position and angle, 

1[+0][-0]

11[+1[+0][-0]][-1[+0][-0]]

Iterations:



L-system

• nonterminals : 0, 1 

• terminals : [ , ], +, -

• start : 0 

• rules : (1 → 11), (0 → 1[+0][-0])

n = 0

• Visual representation: turtle graphics
– 0: draw a line segment ending in a leaf
– 1: draw a line segment
– - turn left 45 degrees
– + turn right 45 degrees
– [: push position and angle, 
– ]: pop position and angle, 

n = 1 : 1[+0][-0] n = 2 : 11[+1[+0][-0]][-1[+0][-0]]



L-systems

13
4



CAD Does Not Work For Organic Shapes



Reduced Parameters

• Mesh vertices

• Mesh deformation “knobs”

– e.g., cages

• Mesh scaling 



Deformations should be smooth and shape-aware

Presenter
Presentation Notes
Maintain list of properties
For point handles, vary from 1 near the handle  0 near other handles: smooth, intuitive way.
For bones, “ but handles are entire line segments
Cages are a special case of point handles, each vertex



Deformation Methods

13
8



3D Characters

Presenter
Presentation Notes
LBS is industry standard

Previously weights would have to be painted 

$$\underset{w_j}{\operatorname{arg\,min}} \frac{1}{2} \int_\Omega \|\Delta w_j\|^2dV$$

\renewcommand{\vec}[1]{\mathbf{#1}}
$$0 \leq w_j(\vec{x}) \leq 1$$



Advanced Applications 

input model
balanced

model

Parametrization to find design that are structurally sound



Beyond Geometry 

What is the Design Space of Mechanisms?

Coros et al 2013



Library of Mechanisms

Coros et al 2013



Beyond Geometry 

What is the Design Space of Mechanisms?

Coros et al 2013



Library of Mechanisms

Coros et al 2013



Simulation and Performance-Driven Design



Computational Design and Fabrication Pipeline

toughness

en
er

gy

Machine Code PerformanceHardware Design



Design Driven By Performance

Design Space Performance Space



Simulating Mechanical Behavior

148

Structural Stability

Prevost et al 2013



Simulating Mechanical Behavior

149

Worse-Case Structural Analysis

Zhou et al 2013



Simulating Kinematics

150

Bacher et al 2014



Simulating Aerodynamics

151

Umetani et al 2014



Performance Space Representations



This Lecture

ℝ𝐷𝐷
ℝ𝑃𝑃

𝒳𝒳
𝐹𝐹(𝒳𝒳)

Design Space Performance Space

𝐹𝐹(𝒳𝒳) = Gamut



Why Gamut and not Pareto Front?

ℝ𝐷𝐷
ℝ𝑃𝑃

𝒳𝒳
𝐹𝐹(𝒳𝒳)

Design Space Performance Space

𝐹𝐹(𝒳𝒳) = Gamut



Example II: Color Gamut

• The subset of colors which 
can be accurately 
represented within a given 
color space or by a certain 
output device.



Hardware Capabilities Limit Gamut

• Gamut can be directly tied to capabilities of a given 
hardware

ℝ𝐷𝐷
ℝ𝑃𝑃

𝒳𝒳
𝐹𝐹(𝒳𝒳)

Design 
Space

Performance 
Space

Color
E.g., how inks are 
placed on a sheet



Example I: Mechanical Properties Gamut

Relative Stiffness

Po
iss

on
’s 

Ra
tio

• Space of bulk material 
properties that can be 
achieved with all material 
microstructures of a given 
size



Example I: Topology Optimization with Target Deformation

Target Deformation Optimized Material Distribution Simulation Results



Example I: Topology Optimization with Target Deformation



• Boundary 

– Mesh/contour

• Volume

– Grids (e.g., voxels), adaptive grids, points, distance fields

How to Represent Gamut?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)



Why Volumetric Gamut Representations?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)



• Easy to check whether points are inside/outside

• Each cell can store points mapping back to the design 
space

Why Volumetric Gamut Representations?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



How to Represent Gamut in Higher Dimensions?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



• These representations are useful but have not been 
explored much

• Possible representations: points, classifiers

How to Represent Gamut in Higher Dimensions?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



• When design space is low-dimensional

How to Compute Gamut?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



• When design space is low-dimensional we can explicitly 
compute the mapping for all points in design space

• Example: 2D printers/color 

How to Compute Gamut?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



• When design space is high dimensional

How to Compute Gamut?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



• When design space is high dimensional we can use genetic 
algorithms to expand gamut in all directions

How to Compute Gamut?

ℝ𝑃𝑃

𝐹𝐹(𝒳𝒳)

ℝ𝐷𝐷

Design 
Space

Performance 
Space



Example: Printing Microstructures

A unit microstructure cell

Base homogenous 
materials

Heterogeneous 
material

1.E-04

1.E-03

1.E-02

1.E-01

1.E+00

10 100 1000
Density (kg/m3)

Yo
un

g’
s 

M
od

ul
us

 
(G

P
a) ?

What physical properties can be 
achieved with microstructures?



Mapping Microstructures to Material Properties

Stretch

Shear

Young’s Modulus

Po
is

so
n’

s 
ra

tio

Microstructure

Presenter
Presentation Notes
The building blocks of our algorithm are small cubes composed of different base materials, which we call “microstructures”.

We compute a homogenized strain-stress tensor for each microstructure by applying numerical simulation with different periodic boundary conditions.

We then take these three properties as the basis of a material property space, and map this strain-stresss tensor to a point in the space.




Discrete Sampling/Genetic Algorithm

Discrete Sampling

Relative Young’s 
modulus

P
oi

ss
on

’s
 ra

tio

Relative Young’s 
modulus

P
oi

ss
on

’s
 ra

tio

Presenter
Presentation Notes
Now we know how to map one point, we want to do it for many points.

We enumerate different configurations of base materials to densely sample in this space, and meanwhile build a continuous representation, (click) which is a levelset function, as the implicit bounding surface of the sampled points.




Discrete Sampling and Continuous Optimization

Rigid
mate
rial
Soft
mate
rial

Relative 
Young’s 
modulus

P
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ss
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’s
 

ra
tio

Discrete Sampling
Continuous 
Optimization

Relative 
Young’s 
modulus

P
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ra
tio

Rigid
mate
rial
Soft
material
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Young’s 
modulus
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Young’s 
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Presenter
Presentation Notes
Now we know how to map one point, we want to do it for many points.

We enumerate different configurations of base materials to densely sample in this space, and meanwhile build a continuous representation, (click) which is a levelset function, as the implicit bounding surface of the sampled points.




Inverse Methods



Direct Design vs. Generative Design

Direct Design Generative Design



• Numerical simulation maps points from design space to 
performance space

Design Space

From Design Space to Performance Space

ℝ𝐷𝐷

𝒳𝒳 𝐹𝐹(𝒳𝒳)

ℝ𝑃𝑃

Performance Space
toughness

en
er

gy

Presenter
Presentation Notes
Now, let’s introduce another concept – a concept of a performance space.
The performance space is going to tell us about the function or behavior of a design.
For example, it is going to tell us how tough a design is or how much elastic energy it is going have under some load.
Performance spaces are often multi-dimensional since we can evaluate a design according to different metrics.

Typically, we use numerical simulation to map a point in a design space, representing a peculiar design, to its performance values.
Alternatively, we could manufacture a given design and then measure its performance using some testing equipment.
The process of mapping from design space to performance space is often called the forward problem.




• Numerical simulation maps points from design space to 
performance space

Design Space

Mapping the Whole Performance Space

ℝ𝐷𝐷

𝒳𝒳 𝐹𝐹(𝒳𝒳)

ℝ𝑃𝑃

Performance Space
toughness

en
er

gy

Presenter
Presentation Notes
Now, let’s introduce another concept – a concept of a performance space.
The performance space is going to tell us about the function or behavior of a design.
For example, it is going to tell us how tough a design is or how much elastic energy it is going have under some load.
Performance spaces are often multi-dimensional since we can evaluate a design according to different metrics.

Typically, we use numerical simulation to map a point in a design space, representing a peculiar design, to its performance values.
Alternatively, we could manufacture a given design and then measure its performance using some testing equipment.
The process of mapping from design space to performance space is often called the forward problem.




Design Space

Inverse: From Performance Space to Design Space

ℝ𝐷𝐷 ℝ𝑃𝑃

Performance Space
toughness

en
er

gy

?

• Inverse problem is much more difficult

Presenter
Presentation Notes
The inverse problem, mapping from a given point in the performance space to a design space, is much more difficult.
Effectively, given some specific performance values for toughness and energy, we would like to find a design that satisfies them.
As you can imagine, there might be multiple designs that have these performance values or a design with these characteristics might not exist.
  
In another instance of the inverse problem, we would like to find a design with the maximum (or minimum) value of a given performance objective, say toughness. Or in another version, when we deal with multiple performance objective,  we would like to find a design that maximizes (or minimizes)  a certain trade-off between these objectives. We can give more or less importance to each of the individual objectives.



Inverse: From Performance Space to Design Space

Update Design 
Variables Simulate

Compare to 
Goal

Good?

Stop

Initial Guess

Presenter
Presentation Notes
How do we solve these inverse problems?
The workflow looks like this.
We start with an initial guess for our design. 
We simulate its behavior and obtain the corresponding performance values.
We compare these to our desired performance values.
If they match, we stop.
If they do not match, we update the design variables and continue with the simulation.
This search for the matching performance criteria is often referred as optimization.
There are many different optimization methods both for discrete and continues variables.





Inverse: From Performance Space to Design Space

f

Goal

Translation

Printable 
Object



Inverse: From Performance Space to Design Space

Goal

Update Design 
Variables Simulate

Compare to 
Goal

Good?

Stop

Initial Guess



Inverse: From Performance Space to Design Space

Goal

Update Design 
Variables Simulate

Compare to 
Goal

Good?

Stop

Initial Guess

Simulation



Inverse: From Performance Space to Design Space

Goal

Update Design 
Variables Simulate

Compare to 
Goal

Good?

Stop

Initial Guess

Simulation



Example

Design target

Inverse computation

Rest shape

fabrication

fabrication

Presenter
Presentation Notes
Here is our problem.
When given a user-designed target shape, its fabrication with elastic material will generate a physical object with undesired shape. This is due to the large deformation under external forces like gravity.
Here we need an inverse shape design tool to compute a rest shape automatically. Fabricating the rest shape can faithfully regenerate the design target in the real-world, so designers can focus on the target shape directly without worrying about the deformation.




Inverse Methods: Topology Optimization



The Inverse Problem

base material

Initial layout

Load

Boundary conditions

Optimization

Goals

Structure that 
meets the goals

Presenter
Presentation Notes
The corresponding inverse problem, can be stated as follows.

In this case, we have a specified performance goal.
We know the properties of the base material.
We know the volume, where the object should exist.
We also know the boundary conditions; where the object should be attached and where the load is applied.

The task for the inverse problem is to find the structure of the object that satisfies the specified performance goal.
In order to solve this task we are going to use the numerical simulation and optimization methods.



Topology Optimization

Presenter
Presentation Notes
This inverse problem is called topology optimization.
This is because optimize for the shape or, in other words, the topology of the part.

Say, we would like to design a bracket that attaches to the wall on one side, and we know where the forces are applied.
In this case, we specify the desired percentage of the overall volume that can be used by the part.
We also would like the bracket to deform the least when the load is applied.

The volume of the design space is optimized to uncover the shape that meets these performance characteristics.
This shape can be later manufactured.



Topology Optimization

Presenter
Presentation Notes
This is how topology optimization works in practice.
The volume is initialized to contain fractional density at each voxel.
The shape is gradually evolved by employing simulation in the optimization loop.

As you can see, eventually the beam structure emerges automatically to satisfy the desired performance criteria.
As you can see the structure looks more organic; different than typically man-made brackets.



Topology Optimization

• We will look at the simplest algorithm

• Input:

1 Base Material with Elasticity tensor 𝐂𝐂0

Initial layout

Presenter
Presentation Notes
To give you an introduction to topology optimization, we will look at one of the simplest problems and the associated algorithms.
As the input we are given the mechanical properties of the base material.
These properties are specified by the elasticity tensor which tells us a relationship between stress and strain.

We also know the initial layout – the maximum volume that can be occupied by the object and its corresponding discretization into volume elements.



Topology Optimization

• Objectives:
– Structure should be as stiff as possible (i.e. the compliance should be 

minimal) when a load is applied
– The total amount of material should be equal to 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

• Output:
– Voxels with material assignment (no material, full)

Presenter
Presentation Notes
In the simplest topology optimization problem called minimum compliance, the objectives are as follows
First, the structure should be as stiff as possible, the structure should deform the least when the load is applied.
Second, the total amount of material should be equal to some specified value V_max

The output of the topology optimization algorithm is the assignment of no material or full to each voxel in the volume. 



Topology Optimization

• Design variables

Material property 𝐂𝐂 = 𝜌𝜌𝑝𝑝𝐂𝐂0

ρ or C

the method is called SIMP, 
power-law or density 

approach.

[Bendsøe, 1989]

Presenter
Presentation Notes
There are many possible ways of solving this problem.
The most common approach is called SIMP or Solid Isotropic Material with Penalization. Also often called density approach.
In this formulation, we assume that each voxel can have a fractional density between 0 and 1; 0 means empty; 1 means completely full. The approach then optimizes for the density of each voxel.
In order to promote the solutions where each voxel is either full or empty, the fractional density are raised to some power.



Topology Optimization Workflow

Update Design 
Variables Simulate

Compare to Goal

Good?

Stop

Initial Guess

Presenter
Presentation Notes
The workflow for the topology optimization is similar to the general workflow for inverse problems.
We initialize each voxel to a fractional value. We simulate the system and compute its elastic energy.
If we cannot decrease the energy further, we stop.
If we can, we update the design variables and we continue the process.



Other Topology Optimization Approaches

• Structural parameters as design variables

r

Presenter
Presentation Notes
There are many possible approaches to topology optimization.
Here, I will show only a few of them.

One of the common criticisms of the SIMP approach is that the computed structure might not be physically realizable since we assume that the density for each voxel can be fractional. After the optimization, if we have any fractional values, we need to threshold them – we need to set them to 1 or 0.

The use of structural parameters as design variables, alleviates this problem.
In a simple case, assume that each voxel can have a hole – and we can vary a radius of this hole.
For each hole radius, we can compute the corresponding material properties of the voxel.
Then, instead of using the density as the design variable for each voxel, we can use the hole radius as this variable.
The optimized structure, will have the assignment of hole radius for each voxel.



Implementation

• Compliance minimization of statically-loaded structures

• Based on the paper:
“A 99 line topology optimization code in Matlab” by Ole Sigmund, 
Structural and Multidisciplinary Optimization 21(2), 2001, pp. 120-127

• Code can be find here:
– http://www.topopt.mek.dtu.dk/apps-and-software

Presenter
Presentation Notes
Now, let’s have a look at the particular implementation of the SIMP method.
In this implementation, we are going to minimize compliance of statically loaded structures.

The implementation is based on the paper by Ole Sigmund – A 99 line topology optimization code in Matlab.
You can download the code from the following website.

http://www.topopt.mek.dtu.dk/apps-and-software


A 99 Line Topology Optimization Code

Presenter
Presentation Notes
The code is indeed very short – 99 lines in Matlab as advertised.
This is the entire code. I encourage you to download the code and play with it to get some real intuition how topology optimization works.
The code is sufficiently short that is relatively easy to understand in detail and see how mathematical formulation is mapped to a practical solution.

Next, I will overview both the mathematical formulation and the code.



Topology Optimization: Initial Layout

nelx voxels

nely voxels

Presenter
Presentation Notes
First,  let’s define our design variables.

We need to specify a voxel grid. This voxel grid has a certain width (enlx) and height (nely).
In 3D we would also have depth.

Our design variables are density values for each voxel.



Topology Optimization: Mathematical Formulation

• Minimum compliance problem

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Presenter
Presentation Notes
Now, let’s define our mathematical formulation for the minimum compliance problem.
This problem is specified as the so called constrained continuous optimization.



Topology Optimization: Mathematical Formulation

• Minimum compliance problem

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Densities

Presenter
Presentation Notes
In this problem we first specify the design variable that we are trying to compute.
We denote them as a vector x. This vector stores all densities of the voxels. 



Topology Optimization: Mathematical Formulation

• Minimum compliance problem

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Energy of the system

Presenter
Presentation Notes
In minimum compliance problem we minimize the elastic energy of the whole system.
This energy can be expressed in this form, where U is the vector of displacements and K is the stiffness matrix.
This energy can be computed by summing the elastic energy of all volume elements.
Here the x_e denotes the density of a given element, u_e is a vector of displacements for the voxel, and k_0 is the stiffness matrix for the element assuming the element is completely full.



Topology Optimization: Mathematical Formulation

• Minimum compliance problem

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to Desired volume fraction

Presenter
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Now, in addition to the objective function we also have three hard constraints.

The first constraint tells us that the fraction of the full element to the total number of elements needs to be equal to f.



Topology Optimization: Mathematical Formulation

• Minimum compliance problem

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Static equilibrium

Presenter
Presentation Notes
Second constraint tells us that the object needs to be in a static equilibrium. 
This means that stiffness matrix K times the displacement vector U needs to be equal to F, the vector that stores the forces.



Topology Optimization: Mathematical Formulation

• Minimum compliance problem

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Valid range for densities

Presenter
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And finally, we have to ensure that the densities are within a valid range.
The value x_min, a typically very small value, is there for numerical stability.



Topology Optimization: Boundary Conditions

• Default boundary conditions: MMB Beam

Full domain

Load

Presenter
Presentation Notes
Now, lets solve a specific minimum compliance problem using SIMP.

We will look at the problem of computing the structure for the MMB Beam.
In this case, the beam is supported on the two lower ends.
And the load is applied from the top at the center.

If you look closely at this problem, you will see that it is symmetric along the vertical center line.
The solutions on both sides should be identical.

Then, let’s convert this problem to an equivalent problem that works on half of the domain.
After we compute the solution, we can simply replicate the solution for the other half.



Topology Optimization: Boundary Conditions

• Default boundary conditions: MMB Beam

Half design domain

Load

Presenter
Presentation Notes
Here is the equivalent problem formulation for half design domain.



Topology Optimization: Boundary Conditions

• Default boundary conditions: MMB Beam

Half design domain

Load

Structure is supported 
horizontally

Presenter
Presentation Notes
The structure is fixed in one lower corner.




Topology Optimization: Boundary Conditions

• Default boundary conditions: MMB Beam

Half design domain

Load

Structure is 
symmetric

Presenter
Presentation Notes
The load is applied in the opposite top corner.
In addition, the structure is not allowed to move along the horizontal direction for all the vertices along the vertical load line.




A 99 Line Topology Optimization Code

Presenter
Presentation Notes
The following code performs the topology optimization for minimum compliance.
It has the MMB Beam boundary conditions hardcoded. And it only solves for half of the domain.

Internally, the code also performs finite element analysis – lines 66-99.



A 99 Line Topology Optimization Code

• API

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Load

Presenter
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Let’s look at the API for this implementation.
You are calling function top.
The function has 5 parameters.



A 99 Line Topology Optimization Code

• API

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �

𝑒𝑒=1

𝑁𝑁

𝑥𝑥𝑒𝑒 𝑝𝑝𝐮𝐮𝑒𝑒𝑇𝑇𝐤𝐤0𝐮𝐮𝑒𝑒

𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Load

Presenter
Presentation Notes
The first two parameters, nelx and nely specify the number of elements in x and y direction.



A 99 Line Topology Optimization Code

• API

min
𝐱𝐱
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𝑉𝑉(𝐱𝐱)
𝑉𝑉0
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𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Load

Presenter
Presentation Notes
The third parameter, volfrac, specifies the volume fraction of the occupied elements.
This parameter ranges from 0 to 1.



A 99 Line Topology Optimization Code

• API

min
𝐱𝐱
𝑐𝑐 𝐱𝐱 = 𝐔𝐔𝑇𝑇𝐊𝐊𝐊𝐊 = �
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𝑉𝑉(𝐱𝐱)
𝑉𝑉0

= 𝑓𝑓

𝐊𝐊𝐊𝐊 = 𝐅𝐅

𝟎𝟎 < 𝐱𝐱min ≤ 𝐱𝐱 ≤ 𝟏𝟏

subject to

Load

Presenter
Presentation Notes
The next parameter specifies the exponent of the penalty function.
It is typically set to 3. 
The higher value of this parameter, the more the optimization function will bias the solutions to full or empty elements. 



A 99 Line Topology Optimization Code

• API

• An example call

top(60,20,0.5,3.0,1.5);

Presenter
Presentation Notes
Let’s run the following call to the topology optimization code.
The size of the grid is 60 elements in x, 20 elements in y,
The volume fraction is 0.5. And the exponent is 3.0.

Initially, all elements are initialized to 0.5 value.
As the optimization is executed, beams start to gradually emerge.
At the end of the optimization we can threshold the values to 0 and 1.



Filter

• With no filter, checkerboard patterns may appear in the solution

• Densities can be smoothed using a convolution operator

• API𝑥𝑥𝑒𝑒 =
1

∑𝑓𝑓𝐻𝐻𝑓𝑓
�
𝑓𝑓

𝐻𝐻𝑓𝑓𝑥𝑥𝑓𝑓 𝐻𝐻𝑓𝑓 = 𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑒𝑒, 𝑓𝑓) 𝑥𝑥𝑒𝑒

𝑥𝑥𝑓𝑓

𝑟𝑟𝑚𝑚𝑚𝑚𝑚𝑚

Presenter
Presentation Notes
It is important to note, the importance of the last parameter to the topology optimization call.
In practice, SIMP runs a filtering operation after each iteration of the optimization.
The filter effectively applies spatial smoothing (or blurring) to the densities.
Parameter, rmin specifies the size of this filter.

Without this filter, we might obtain checkerboard patterns in the optimized solution as shown here.
This filter also helps in removing very thin structures that might not be manufacturable.



Applications: Structural Optimization

• Bridge Design

Presenter
Presentation Notes
Let’s look at a few examples of running this simple topology optimization code.

In this case, we optimize for the bridge structure for minimum compliance.
The bridge is supported on the two bottom sides.
The loads are applied from the top.
You can see how the value of the objective function decreases as we run the optimization.



Applications: Structural Optimization

• Negative Poisson’s ratio

Presenter
Presentation Notes
Let’ look at another example.
Design of structures with Negative Poisson’s ratio.

Materials that exhibit negative Poisson's ratio, and are referred to as auxetic materials. 
If these auxetic materials are stretched in one direction, they become thicker in the perpendicular direction.

In typical materials, the ones that have positive Poisson ratio, if the material is stretched on one direction, it becomes thinner in the perpendicular direction.


In this example, the internal structure of this material is optimized to obtain an auxetic material.



Applications: Design of Compliant Mechanisms

• Gripper

Presenter
Presentation Notes
So far, we have seen only topology optimization in 2D.
This is an example of using topology optimization to compute a soft gripper.
As we apply forces at some specific points, the gripper is deformed in a specified way.
Again the shape of the gripper here was computed completely automatically.



Inverse Methods: Multi-Objective 
Optimization



Multiple Performance Objectives

Performance metric: 
stability

Performance metric: 
weight

Performance metric: 
flexibility



Multi-Objective Optimization

min 𝑓𝑓𝑖𝑖 𝑥𝑥 , 𝑖𝑖 = 1, … ,𝑑𝑑 𝑥𝑥 ∈ ℝ𝐷𝐷

Subject to  𝑔𝑔 𝑥𝑥 ≥, ℎ 𝑥𝑥 = 0

𝐹𝐹 𝑥𝑥 = [𝑓𝑓1 𝑥𝑥 , … .𝑓𝑓𝑑𝑑(𝑥𝑥)]

Design Space

𝐹𝐹

Performance Space

ℝ𝑑𝑑ℝ𝐷𝐷
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𝐹𝐹 𝑥𝑥 = [𝑓𝑓1 𝑥𝑥 , … .𝑓𝑓𝑑𝑑(𝑑𝑑)]

We know how to do this:
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min 𝑓𝑓𝑖𝑖 𝑥𝑥 , 𝑖𝑖 = 1, … ,𝑑𝑑

Subject to  𝑔𝑔 𝑥𝑥 ≥, ℎ 𝑥𝑥 = 0

𝐹𝐹 𝑥𝑥 = [𝑓𝑓1 𝑥𝑥 , … .𝑓𝑓𝑑𝑑(𝑑𝑑)]

We know how to do this:

Solution: 𝑓𝑓 𝑥𝑥 = ∑𝑖𝑖 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥)



Multi-Objective Optimization

min 𝑓𝑓𝑖𝑖 𝑥𝑥 , 𝑖𝑖 = 1, … ,𝑑𝑑

Subject to  𝑔𝑔 𝑥𝑥 ≥, ℎ 𝑥𝑥 = 0

𝐹𝐹 𝑥𝑥 = [𝑓𝑓1 𝑥𝑥 , … .𝑓𝑓𝑑𝑑(𝑑𝑑)]

We know how to do this:

Solution: 𝑓𝑓 𝑥𝑥 = ∑𝑖𝑖 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥)

How do you pick the weights?



Do the Weights Mater? 

Example:
𝑓𝑓1 𝑥𝑥 = 2𝑥𝑥 − 5
𝑓𝑓2 𝑥𝑥 = 𝑥𝑥 + 3

0 ≤ 𝑥𝑥 ≤ 1

𝑓𝑓 𝑥𝑥 = 𝑤𝑤1𝑓𝑓1 𝑥𝑥 + 𝑤𝑤2𝑓𝑓2(𝑥𝑥)



Do the Weights Mater? 

Example:
𝑓𝑓1 𝑥𝑥 = 2𝑥𝑥 − 5
𝑓𝑓2 𝑥𝑥 = 𝑥𝑥 + 3

0 ≤ 𝑥𝑥 ≤ 1

𝑓𝑓 𝑥𝑥 = 𝑤𝑤1𝑓𝑓1 𝑥𝑥 + 𝑤𝑤2𝑓𝑓2(𝑥𝑥)

No matter what weights you pick 
arg min 𝑓𝑓 𝑥𝑥 = 0



When Objectives are Conflicting

Design Space

ℝ𝐷𝐷

𝐹𝐹

𝐷𝐷 ≫ 𝑑𝑑

Performance Space

weight

deformation

ℝ𝑑𝑑

Presenter
Presentation Notes
In mos make applications, however, multiple criteria are used to evaluate the quality of a design. 
Conisder this simple example of a camera mount when the designers adds a set of holes to make the model lighter.
Now when the designer specfie the shapes and sizes of these holes which define a large design space, they are making these specification to not only make the model lighter but also ensure that the part doesn’t‘ break or deform under external forces. So we don’t have a simple objective, but multiple performance metrics that define a performance space
We can map points from desing to performace space by evaluating the behavious of each design and this is typically done using physical simulation.
In most cases, the performance objectives are not only multiple but also conflicting: this means that improving a design on one axis often decreases its quality on another axis. 
In reality, designers and navigate a complex landscape of compromises, generating objects that perhaps do not optimize any single quality measure but rather are considered optimal under a given performance trade-offs.
But if you look at the feasible design space, which is typically bounded because of manufacturing considerations, it will map to a whole region on the performance space and the first question we need to ask is which one of these points are optimal trade-offs. Well look a this example. Notice that I can move is this direction and how I have a design 
So optimal points are points where you can’t make one metric better without making at least one other metric worse. 
In performance space these points define the pareto front
And the pre-image of the pareto front is the pareto set.
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Pareto Optimality

A solution 𝑥𝑥1 is said to dominate the other solution 𝑥𝑥2, if 
both the following conditions are true: 

1. The solution 𝑥𝑥1 is no worse than 𝑥𝑥2 in all objectives. 

2. The solution 𝑥𝑥1 is strictly better than 𝑥𝑥2 in at least one 
objective. 

A  point is Pareto optimal if it in not dominated by any  
point: called non-dominated point



Let’s Plot this
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Pareto Front
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For Minimization



Space of Optimal Solutions

ℝ𝐷𝐷
ℝ𝑃𝑃

𝒳𝒳
𝐹𝐹(𝒳𝒳)

Design Space Performance Space

Pareto Front

Presenter
Presentation Notes
So one my most recent project was to propose an exploration tool for this pareto front and key idea that we propose is to represent is as a set of manifold for efficient and compact representation. 
So discovering this front is a multi-objective optimization problem and the challenge here is that one the one hand we have a diverse set of solution to search for and on the other hand we want to ensure that the solution converges to points on the front without getting stuck on local minima. 



Space of Optimal Solutions

ℝ𝐷𝐷
ℝ𝑃𝑃

𝒳𝒳

Pareto Front

𝐹𝐹(𝒳𝒳)

Design Space Performance Space

Presenter
Presentation Notes
As we’ve discussed the performance space that we care about is multi-dimentional. Now of course the dimentionality of the perfomnacce space is much smaller than the design space. 
So for example, going back to this model of this camera mount that I just showed, so the idea here is that we want o make cuts and holes to make it lighter but at the same time we want to make sure that it will be able to withstand external forces. So there can be many design paremeters that influence this geometry the enumber, size, positions of whole of example, but in terms of performance there are only two metric we caere about: we final weight, and the reactioin to external forces for example of stress.
So what we can do if want to more efficiently explore the desing space while being driven by performance metrics is to look at this region of performance space that actually correspons to optimal tradeoff and is called the pareto front. Notice that an engineer whould never select this model we can get a model with smaller stress this is why this red region is the only region that we care about. 



What this emails that 




The Geometry of the Front

Solution: 𝑓𝑓 𝑥𝑥 = ∑𝑖𝑖 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥)

Not a straight line!

Presenter
Presentation Notes
As we’ve discussed the performance space that we care about is multi-dimentional. Now of course the dimentionality of the perfomnacce space is much smaller than the design space. 
So for example, going back to this model of this camera mount that I just showed, so the idea here is that we want o make cuts and holes to make it lighter but at the same time we want to make sure that it will be able to withstand external forces. So there can be many design paremeters that influence this geometry the enumber, size, positions of whole of example, but in terms of performance there are only two metric we caere about: we final weight, and the reactioin to external forces for example of stress.
So what we can do if want to more efficiently explore the desing space while being driven by performance metrics is to look at this region of performance space that actually correspons to optimal tradeoff and is called the pareto front. Notice that an engineer whould never select this model we can get a model with smaller stress this is why this red region is the only region that we care about. 
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The Front Can Have Gaps

Presenter
Presentation Notes
As we’ve discussed the performance space that we care about is multi-dimentional. Now of course the dimentionality of the perfomnacce space is much smaller than the design space. 
So for example, going back to this model of this camera mount that I just showed, so the idea here is that we want o make cuts and holes to make it lighter but at the same time we want to make sure that it will be able to withstand external forces. So there can be many design paremeters that influence this geometry the enumber, size, positions of whole of example, but in terms of performance there are only two metric we caere about: we final weight, and the reactioin to external forces for example of stress.
So what we can do if want to more efficiently explore the desing space while being driven by performance metrics is to look at this region of performance space that actually correspons to optimal tradeoff and is called the pareto front. Notice that an engineer whould never select this model we can get a model with smaller stress this is why this red region is the only region that we care about. 
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The Front Can Have Non-Convex Regions

Presenter
Presentation Notes
As we’ve discussed the performance space that we care about is multi-dimentional. Now of course the dimentionality of the perfomnacce space is much smaller than the design space. 
So for example, going back to this model of this camera mount that I just showed, so the idea here is that we want o make cuts and holes to make it lighter but at the same time we want to make sure that it will be able to withstand external forces. So there can be many design paremeters that influence this geometry the enumber, size, positions of whole of example, but in terms of performance there are only two metric we caere about: we final weight, and the reactioin to external forces for example of stress.
So what we can do if want to more efficiently explore the desing space while being driven by performance metrics is to look at this region of performance space that actually correspons to optimal tradeoff and is called the pareto front. Notice that an engineer whould never select this model we can get a model with smaller stress this is why this red region is the only region that we care about. 
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Pareto Front Discovery

Main Challenge:
• Converge to optimal solutions
• Diverse set that describes the full front

Design Space Performance Space

ℝ𝐷𝐷 Pareto FrontPareto Set ℝ𝑑𝑑



Weighted Sum Method

Vary 𝑤𝑤 and solve 𝑓𝑓 𝑥𝑥 = 𝑤𝑤𝑓𝑓1 + 1 − 𝑤𝑤 𝑓𝑓2
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Weighted Sum Method

Vary 𝑤𝑤 and solve 𝑓𝑓 𝑥𝑥 = 𝑤𝑤𝑓𝑓1 + 1 − 𝑤𝑤 𝑓𝑓2

Problem 1: Not a uniform distribution!
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Weighted Sum Method

Vary 𝑤𝑤 and solve 𝑓𝑓 𝑥𝑥 = 𝑤𝑤𝑓𝑓1 + 1 − 𝑤𝑤 𝑓𝑓2
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Weighted Sum Method

Vary 𝑤𝑤 and solve 𝑓𝑓 𝑥𝑥 = 𝑤𝑤𝑓𝑓1 + 1 − 𝑤𝑤 𝑓𝑓2

𝑓𝑓2

𝑓𝑓1

Problem 2: Non-Convex 
Points are missed 
completely!



Solution: Non-linear Scalarization Functions

𝑓𝑓2

𝑓𝑓1



Weighted Exponential Method

𝑓𝑓2

𝑓𝑓1

min 𝑓𝑓2

min 𝑓𝑓1

Utopia Point

𝑦𝑦𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔

𝑓𝑓 𝑥𝑥 = ∑𝑤𝑤𝑖𝑖 𝑓𝑓𝑖𝑖 𝑥𝑥 − 𝑦𝑦𝑖𝑖
𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑝𝑝



Normal Boundary Intersection

𝑓𝑓2

𝑓𝑓1

min𝑓𝑓2

min𝑓𝑓1

Convex Hull of 
Individual Minima 
(CHIM)

𝒏𝒏

𝑞𝑞𝑖𝑖

https://link.springer.com/article/10.1007%2Fs00158-011-0729-5

max
𝑥𝑥,𝑡𝑡

𝑡𝑡 Additional Constraint : 𝑞𝑞𝑖𝑖 + 𝑡𝑡𝒏𝒏 ≥ 𝐹𝐹(𝑥𝑥)



Normal Boundary Intersection (Variation)

𝑓𝑓2

𝑓𝑓1

min𝑓𝑓2

min𝑓𝑓1

Convex Hull of 
Individual Minima 
(CHIM)

𝒏𝒏

𝑞𝑞𝑗𝑗

https://link.springer.com/article/10.1007%2Fs00158-011-0729-5

Weighted Exponential Method 𝑓𝑓 𝑥𝑥 = ∑𝑤𝑤𝑖𝑖 𝑓𝑓𝑖𝑖 𝑥𝑥 − 𝑦𝑦𝑗𝑗
𝑝𝑝

𝑦𝑦𝑗𝑗



Problem: Each Single Objective Optimization is not SIMPLE!

Bottleneck: run the single objective optimization many times!

Local Minima: stochastic methods (e.g., MCMC)



Population Methods

Move many points in parallel towards the front



Evolutionary Algorithms

based on the 
dominance relation

often random or may 
include all individuals

mutation and 
recombination.



Elitist Non-dominated Sorting GA or NSGA-II

1. Combine parent and offspring populations and create 𝑅𝑅𝑡𝑡 = 𝑃𝑃𝑡𝑡 ∪ 𝑄𝑄𝑡𝑡.
2. Perform no-domineted sorting:

F1. Nondominated individuals in the population.
F2. Nondominated individuals except those in F1.
F3. Nondominated individuals except those in Levels F1 or F2.

3. Populate 𝑃𝑃𝑡𝑡+1:first all 𝐹𝐹𝑖𝑖 ′s then, the part of the last on based on diversity
4. Create 𝑄𝑄𝑖𝑖+1

Presenter
Presentation Notes
F1. Nondominated individuals in the population.
F2. Nondominated individuals except those in F1.
F3. Nondominated individuals except those in Levels F1 or F2.




Creating Offspring's

Cross-over, Mutations and Selection

Every solution has two attributes: 

1. a non-domination rank in the population

2. a local crowding distance 𝑑𝑑𝑖𝑖 in the population (important for diversity) 

Tournament Selection:

1. if solution 𝑖𝑖 has a better rank

2. if they have the same rank but solution 𝑖𝑖 has a better crowding 
distance



Elitist Non-dominated Sorting GA or NSGA-II



Applications



Design Tools

multiple domains intelligentinteractive
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• What does it mean for the app to be interactive?

– In general, the update should be at least a few frames per 
second.

• What does it mean for the app to be real-time?

– The update should be at least 30 frames per second.

Interactive Applications

Presenter
Presentation Notes
What does it mean for the application to be interactive?
In general, as a rule of thumb, you can an application is interactive if it provides a response to a user at a rate of a few frames per second.

What does it mean for the application to be real-time?
Well, this is even more demanding. In general real-time applications require a feedback of at least 30 frames per second.
For example, if I have a 3D model that I can rotate, this movement should be really smooth/continuous and I should not be noticing any jumps between rendered frames.

I claim the is that for the application to provide really good user experience, it should be at least interactive (if not real-time).
The user should not wait for the response from the app.



Multi-core processors 
GPUs

Computation Layer 
User Interface Layer

Building High-performance Interactive Apps

Presenter
Presentation Notes
So the question here is how to build applications that require significant processing/computation but that are still interactive for the user.
Typically, we split the app into two layers. The computation layer provides, the necessary processing. 
The user-interface layer does the communication with the user. 
For example, if we are building an app that filters the image (For example, an app sharpens image as a function of a sharpening parameter), the computation layer would provide the image processing, the user interface layer would display the processed image and handle changes of the sharpening parameter (e.g. as a slider).

In a desktop setting, we typically have these days lots of processing power. For example, multi-core processors and GPUs (on graphics cards) have enough processing power for even complex tasks,



Computation Layer 
User Interface Layer

Smart Phone

Building High-performance Interactive Apps

Presenter
Presentation Notes
The situation changes quite significantly, when we would like to have an interactive mobile application – an application that runs on a smart-phone.



Computation Layer 
User Interface Layer

Smart Phone Problem:  Limited 
computation

Building High-performance Interactive 
Applications

Presenter
Presentation Notes
In this case, the computation is limited. The processing power, the memory of these devices are much worse of a desktop system.
And very often, a desired task that requires intensive computation cannot be done interactively.




Computation Layer 

User Interface Layer

Building High-performance Interactive Apps

Presenter
Presentation Notes
One potential solution to address this problem is to move most of the computation to the cloud and perform it on a high-end machines.
The user-interface here would still run on the smart phone. The smart-phone here would communicate the parameter changes, and the computation layer would perform the heavy lifting (e.g., process the image) and sent a processed image back to the smart phone.



Building High-performance Interactive Apps

Computation Layer 

User Interface Layer

Issues:
• Communication 

delay 
• Splitting 

computation

Presenter
Presentation Notes
This approach has also some significant challenges.
For example, we really have to carefully about the communication lag of the system.
Here, in order to deal with this the app would need to anticipate the future actions of the user.

It is also important to think carefully, how to split the computation between client and server.
Some of the computation can be performed on the client (the smart-phone side), and the most expensive part can be performed on the server.
Here again, you need to consider the bandwidth transferred between the client and the server. 
For example, maybe the smart-phone can process a low-resolution image to provide the interactive performance, but the processing of the high-resolution image needs to be done on the server.



Computation Layer 
User Interface Layer

Some Problems Cannot be Computed 
Interactively

Presenter
Presentation Notes
Next, I would like to focus on a very hard case where the computation cannot be done interactively. 
The computation is just so expensive that it take too long to provide an interactive feedback.
One example here is running a computer simulations, such as finite element analysis, for a design.
For example, numerical simulation evaluation whether the bridge is strong enough might take minutes.

Is this a hopeless set of problems? No. I will try to show you how to attack these.




• Numerical simulation maps points from design space to 
performance space

Reduced Design Space

From Design Space to Performance Space

ℝ𝐷𝐷

𝒳𝒳 𝐹𝐹(𝒳𝒳)

ℝ𝑃𝑃

Performance Space
toughness

en
er

gy

Presenter
Presentation Notes
Now, let’s introduce another concept – a concept of a performance space.
The performance space is going to tell us about the function or behavior of a design.
For example, it is going to tell us how tough a design is or how much elastic energy it is going have under some load.
Performance spaces are often multi-dimensional since we can evaluate a design according to different metrics.

Typically, we use numerical simulation to map a point in a design space, representing a peculiar design, to its performance values.
Alternatively, we could manufacture a given design and then measure its performance using some testing equipment.
The process of mapping from design space to performance space is often called the forward problem.




• Numerical simulation maps points from design space to 
performance space

Reduced Design Space

Mapping the Whole Performance Space

ℝ𝐷𝐷

𝒳𝒳 𝐹𝐹(𝒳𝒳)

ℝ𝑃𝑃

Performance Space
toughness

en
er

gy

Presenter
Presentation Notes
Now, let’s introduce another concept – a concept of a performance space.
The performance space is going to tell us about the function or behavior of a design.
For example, it is going to tell us how tough a design is or how much elastic energy it is going have under some load.
Performance spaces are often multi-dimensional since we can evaluate a design according to different metrics.

Typically, we use numerical simulation to map a point in a design space, representing a peculiar design, to its performance values.
Alternatively, we could manufacture a given design and then measure its performance using some testing equipment.
The process of mapping from design space to performance space is often called the forward problem.




Design Space Exploration for Engineers

exposed parameters

parameter updates

performance 
evaluation

Design 
Space

ℝ𝐷𝐷

𝒳𝒳

CAD model

Presenter
Presentation Notes
In addition, designer typically care about evaluating performance metrics that involve time consuming physics simulations. It therefore typically takes up to a day for an engineer to iterate over the pipeline, evaluating the performance for different parameters configuration to finally select an optimal design. To address this,



Exploration in Comsol Multiphysics



How to Develop an Interactive Solution?



How to Develop an Interactive Solution?

Solution 1: Precomputation + Cashing

Solution 2: Precomputation + Interpolation

Solution 3: Sensitivity Analysis 



How to Develop an Interactive Solution?

Solution 1: Precomputation + Cashing

Solution 2: Precomputation + Interpolation

Solution 3: Sensitivity Analysis 



Fab 
FormPrecomputation

Parametric
Design

Designer Novice

Overview

Presenter
Presentation Notes
Our method converts general parametric designs authored by professionals such as a CAD model into interactive Fab Forms automatically. 
Data structures constructed by our offline method allow a novice user to explore the valid region of the design space in real time.



Fab Form Implementation

Fab Form 
Implementation

Fab Form
Requirements

Parametric Design ✓ 1. Customizable

2. Valid

3. Interactive

Valid Regions of
the Design Space

Geometry Cache

✓
✓

design space

Presenter
Presentation Notes
There are key features of Fab form implementations.
They are driven by the requirements.

The customization requirement is based on using a parametric design.
The fact that designs are valid is implemented by explicitly storing which parameter settings are valid,
The interactivity requirement is implemented using a geometry and simulation cache.



Recording of an Interactive Session

Presenter
Presentation Notes
Here is a live prerecorded session.
A shoe customization.
Params. Foot length, heel height, heel width.

User can also go to preselected prototypical designs and start exploration from a new design.



How to Develop an Interactive Solution?

Solution 1: Precomputation + Cashing

Solution 2: Precomputation + Interpolation

Solution 3: Sensitivity Analysis 



InstantCAD

Design
Space

precomputed data output

exposed 
parameters

CAD model

Presenter
Presentation Notes
So the way that I achieve this is by using 



Stress Distribution

Results

Presenter
Presentation Notes
So here are some other experiments that we ran for different models with different number of parameters where we also precomputed stress. 
And you can see how this interface allows designs to quickly explore this space and find for example the optimal configurations that for example make the model  lightweight while making the stress distribution as even as possible. 

�



How to Develop an Interactive Solution?

Solution 1: Precomputation + Cashing

Solution 2: Precomputation + Interpolation

Solution 3: Sensitivity Analysis 



Design Space Exploration

ℝ𝐷𝐷
ℝ𝑃𝑃

Design Space Performance Space

Presenter
Presentation Notes
So just to show what’s going on in the abstractions we defined. You have your design space, right, which is now constrained by the feasible parameter set. And this feasible set has a mapping to performance space. And what our algorithm is doing is it’s allowing users to explore this desing spcae in real time and see how it maps to performance space. 




Design Space Exploration

ℝ𝐷𝐷
ℝ𝑃𝑃

Design Space Performance Space

Precomputation

Presenter
Presentation Notes
So just to show what’s going on in the abstractions we defined. You have your design space, right, which is now constrained by the feasible parameter set. And this feasible set has a mapping to performance space. And what our algorithm is doing is it’s allowing users to explore this desing spcae in real time and see how it maps to performance space. 




Design Space Exploration

ℝ𝐷𝐷
ℝ𝑃𝑃

Design Space Performance Space

small change fast update?

Presenter
Presentation Notes
So just to show what’s going on in the abstractions we defined. You have your design space, right, which is now constrained by the feasible parameter set. And this feasible set has a mapping to performance space. And what our algorithm is doing is it’s allowing users to explore this desing spcae in real time and see how it maps to performance space. 




Example: Interactive Garment Design



Sensitivity Analysis

Design Change

We need to relate changes in the design to changes in cloth shape

Static cloth shape

Presenter
Presentation Notes
Second thing we tried was sensitivity analysis and it was promising.

To make discussion easier we represent mouse position with this mouse icon and static cloth shape with this skirt icon.
When the mouse move to edit pattern the static cloth shape changes accordingly.
So the static cloth shape can be seen as a function of mouse position.

For this function we calculate derivative, we call this derivative sensitivity mode.
With this sensitivity we can get the approximate cloth shape instantly just multiplying this mode and mouse movement.



Sensitivity Analysis

Mouse position Static cloth shape

We need to relate changes in the design to changes in cloth shape

Changes in design = changes in mouse position = 2D Space 

Presenter
Presentation Notes
Second thing we tried was sensitivity analysis and it was promising.

To make discussion easier we represent mouse position with this mouse icon and static cloth shape with this skirt icon.
When the mouse move to edit pattern the static cloth shape changes accordingly.
So the static cloth shape can be seen as a function of mouse position.

For this function we calculate derivative, we call this derivative sensitivity mode.
With this sensitivity we can get the approximate cloth shape instantly just multiplying this mode and mouse movement.
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Typical Robot Design Process

Goal Geometry
Design

Gait
Design

Robot

Fast Gait Slower Gait Geometry Change

Interactive Feedback

Presenter
Presentation Notes
In a typical robot design process, a designer who starts with a goal will first create a general geometry and then specify the movement for that robot. In this linear process, both motion and geometry design are optimized for separately. However, fixing a geometry at a first stage constrains the motion design and may force suboptimal performance. 

For example, let’s look at this robot that a user designed for fast delivery. (click) The fastest motion for this topology comes from moving all the legs in parallel. However, using that motion on this design causes the robot to topple over and all the delivery items to fall. We can change the motion to have the legs on the right move first, allowing the robot to walk forward without toppling. On the other hand, widening the back of the robot makes it stable with the optimal gait, almost doubling the speed compared to the original geometry and drastically reducing the amount of wobbling. 

So what we could like to do is explore the combined geometry and motion design space. And one way to do this with with an interactive tool that tightens the feedback loop between the two stages of the design process making it more efficient and intuitive. 

�



Simulation

Metrics

Trajectory

Presenter
Presentation Notes
The robot motion is simulated in real time and we display the relevant metrics (click) on the design such as fabrication cost, speed, and trajectory for each gait and the gait sequence. (click) We also show the top down view of the trajectory for each gait and the resulting orientation. (click)The full animation can also be previewed. 
��



Real Time Feedback

Presenter
Presentation Notes
These metrics are updated in real time as users modify the gait  or geometry, allowing them to visualize the effect of both design aspects on the robot performance.   
�Users who want to optimize for specific metrics can ask the system for suggestions on how to edit the robot geometry. Arrows in the UI indicate directions of change that will improve the metric. �



Design Space Exploration

Presenter
Presentation Notes
These metrics are updated in real time as users modify the gait  or geometry, allowing them to visualize the effect of both design aspects on the robot performance.   
�Users who want to optimize for specific metrics can ask the system for suggestions on how to edit the robot geometry. Arrows in the UI indicate directions of change that will improve the metric. �



Optimization

Presenter
Presentation Notes
�Users who want to optimize for specific metrics can ask the system for suggestions on how to edit the robot geometry. Arrows in the UI indicate directions of change that will improve the metric. Alternatively, users can select an automatic optimization method that will search for metric improvements in the full geometry space.
�



Motion and Design Results

just 
motion

motion 
and 

geometry

Presenter
Presentation Notes
Users who were allowed to simultaneously edit geometry and gait designed trajectories that were 40\% faster on average than the ones created by users restricted to gait design. 



Physical Robots Created

Presenter
Presentation Notes
We have fabricated 6 robots with different geometries and gaits, �



Physical Robots Created

Presenter
Presentation Notes
each of them took about 10 minutes to design, 3-7 hours to fabricate and an hour to assemble. 

The robots all followed the designed gaits and walked as predicted by the system.




Larger Scale Result

Presenter
Presentation Notes
Finally, because the system abstracts away implementation details, users can design robots without specifying the exact fabrication approach.
For for this model, we have fabricated a robot both using the 3d print and fold approach and by folding the pattern out of aluminum sheet. The robot geometries and gaits were the same up to a scaling factor.
�



Larger Scale Result

Presenter
Presentation Notes
We further instrumented the aluminum robot with range sensors, allowing it to navigate an obstacle course of cardboard boxes and demonstrating the feasibility of building up high-level robot behaviors using the designs produced in our tool.
�



Motivation

Amazon Prime Air

forum.dji.com

www.microdrones.com

National Geographic. Photo © Elevated 
Element

Presenter
Presentation Notes
Multicopters have been used in many fields, including (click) payload mission, (click) photography, (click) search and rescue operations, and (click) geographical 3D mappings.
However The current designs are limited to a few prototypes. 



Multicopter Design Interface

Presenter
Presentation Notes
We would like to create a design tool that allows exploring a larger desing space to get more degrees of freedom, which may be more suitable for specific tasks and at the same time we want to optimize for performance. The challenge here is again concurrent design since the copters performance depends not only on the geometry but also the controllers.  But the controllers you pick depend on the geometry. So here’s how we go about solving this cuncorrend desing problem.



Controller Design

Geometry design

Linear 
controller

LQR

Dynamics
𝑚𝑚 ̈⃗𝑝𝑝 = 𝑚𝑚𝑔⃗𝑔 + 𝑅𝑅�

𝑖𝑖

𝑇𝑇𝑖𝑖𝑑𝑑𝑖𝑖

𝐼𝐼𝜔̇𝜔 + 𝜔𝜔 × 𝐼𝐼𝜔𝜔 = �
𝑖𝑖

𝜆𝜆𝑇𝑇𝑖𝑖𝑑𝑑𝑖𝑖 + 𝑟𝑟𝑖𝑖 × 𝑑𝑑𝑖𝑖

̇(𝑥⃗𝑥 − 𝑥⃗𝑥∗) ≈
𝜕𝜕𝜕
𝜕𝜕𝑥⃗𝑥

𝑥⃗𝑥 − 𝑥⃗𝑥∗ +
𝜕𝜕𝜕
𝜕𝜕𝑢𝑢

𝑇𝑇 − 𝑇𝑇∗

Linearization around 
a point (𝑥⃗𝑥∗,𝑇𝑇∗)

Presenter
Presentation Notes
To design a controller for a given geometry input we first analyze the dynamics for this initial design and then linearize the dynamics around a given point. This allows us to automatically compute a linear controller.
Together, the geometry and the controller, defines a flyable drone.  



Controller Design

Geometry design

Linear 
controller

LQR

Dynamics
𝑚𝑚 ̈⃗𝑝𝑝 = 𝑚𝑚𝑔⃗𝑔 + 𝑅𝑅�

𝑖𝑖

𝑇𝑇𝑖𝑖𝑑𝑑𝑖𝑖

𝐼𝐼𝜔̇𝜔 + 𝜔𝜔 × 𝐼𝐼𝜔𝜔 = �
𝑖𝑖

𝜆𝜆𝑇𝑇𝑖𝑖𝑑𝑑𝑖𝑖 + 𝑟𝑟𝑖𝑖 × 𝑑𝑑𝑖𝑖

̇(𝑥⃗𝑥 − 𝑥⃗𝑥∗) ≈
𝜕𝜕𝜕
𝜕𝜕𝑥⃗𝑥

𝑥⃗𝑥 − 𝑥⃗𝑥∗ +
𝜕𝜕𝜕
𝜕𝜕𝑢𝑢

𝑇𝑇 − 𝑇𝑇∗

Linearization around 
a point (𝑥⃗𝑥∗,𝑇𝑇∗) ?

Presenter
Presentation Notes
An important question here however is what point do we pick for the linearization? 
Well, since this point will determinethe controller, we can define it as the control parameters.  
This parametrization allows us to optimize both the controller and the geometry at the same time.




Optimization

𝐸𝐸𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 ≔ 𝑎𝑎 𝑇𝑇𝑖𝑖∗ 𝑏𝑏𝑖𝑖

Typical metrics

𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≔ 𝑎⃗𝑎 ⋅ 𝑠𝑠 + 𝑏𝑏
𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≔ 𝑎⃗𝑎 ⋅ 𝑠𝑠 + 𝑏𝑏

𝐸𝐸𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≔ max
𝑖𝑖

𝑇𝑇𝑖𝑖∗

𝐸𝐸𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝒃𝒃𝒃𝒃 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄(𝑠𝑠,𝑇𝑇∗)

Alternating direction method

Controller Parameters: (𝑥⃗𝑥∗,𝑇𝑇∗)

Geometry Parameters: 𝑠𝑠

Presenter
Presentation Notes
Because now we have a set of parameters that define the controller.
And we have the geometry parameters in the same way as we had before. 
We can now optimize the copter in this space.
Our key observation is that most metrics we want to optimize, for example (click)the size the size, mass, amperage, and payload can be written as a bi-convex function of the geometry and controller parameters. (click) We can therefore use and alternating directions method to efficiently optimize the copters. 



Bunny-Copter Example

Fabrication

Design

Presenter
Presentation Notes
This allow us to automatically control this irregular bunny copter which was designed and fabricated with our system. 
(15s) In this example, the four motors are anchored in an asymmetric way, they have different heights, and with different propeller sizes.
This examples shows that we can design controllers to manipulate irregular drones.




Optimized Pentacopter

Original Design Optimized Result

Presenter
Presentation Notes
And here is an example of a pentacopter which was designed with our interface and then optimized by our system.
After optimization, the shape of the design changes significantly.
Not only does each rod has a new length, all the motors have also been tilted up to 11 degrees.
The new design is able to carry 30% more weights than the previous pentacopter.
Our algorithm searches for an optimal design in which thrusts are well balanced.




Optimization Example

Motor 5 Motor 5

Old 
payload:
1047g

New payload:
1392g

33%
increase

Presenter
Presentation Notes
In additional our optimization can find alternative 

(10s) This can be seen more clearly from the log file. The top plots display the motor thrusts during flight.
(10s) In the old design, one of the motor has not been fully exploited because its geometry limits the maximal thrust.
(10s) After optimization, all the five motors are well balanced so we can maximize their usage.
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