Multiscale Methods for Fabrication Design
by
Desai Chen

Submitted to the Department of Electrical Engineering and Computer Science
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy in Computer Science and Engineering
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
February 2018
(© Massachusetts Institute of Technology 2018. All rights reserved.

Department of Electrical Engineering and Computer Science
October 31, 2017

Certified Dy . ...
Wojciech Matusik

Associate Professor of Electrical Engineering and Computer Science

Thesis Supervisor

Accepted Dy . ... o
Leslie A. Kolodziejski

Professor of Electrical Engineering and Computer Science

Chair, Department Committee on Graduate Students






Multiscale Methods for Fabrication Design
by
Desai Chen

Submitted to the Department of Electrical Engineering and Computer Science
on October 31, 2017, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy in Computer Science and Engineering

Abstract

Modern manufacturing technologies such as 3D printing enable the fabrication of objects with
extraordinary complexity. Arranging materials to form functional structures can achieve a
much wider range of physical properties than in the constituent materials. Many applications
have been demonstrated in the fields of mechanics, acoustics, optics, and electromagnetics.
Unfortunately, it is difficult to design objects manually in the large combinatorial space of
possible designs. Computational design algorithms have been developed to automatically
design objects with specified physical properties. However, many types of physical proper-
ties are still very challenging to optimize because predictive and efficient simulations are not
available for problems such as high-resolution non-linear elasticity or dynamics with friction
and impact. For simpler problems such as linear elasticity, where accurate simulation is avail-
able, the simulation resolution handled by desktop workstations is still orders of magnitudes
below available printing resolutions.

We propose to speed up simulation and inverse design process of fabricable objects by
using multiscale methods. Our method computes coarse-scale simulation meshes with data-
drive material models. It improves the simulation efficiency while preserving the character-
istic deformation and motion of elastic objects. The first step in our method is to construct
a library of microstructures with their material properties such as Young’s modulus and
Poisson’s ratio. The range of achievable material properties is called the material property
gamut. We developed efficient sampling method to compute the gamut by focusing on finding
samples near and outside the currently sampled gamut. Next, with a pre-computed gamut,
functional objects can be simulated and designed using microstructures instead of the base
materials. This allows us to simulate and optimize complex objects at a much coarser scale
to improve simulation efficiency. The speed improvement leads to designs with as many as a
trillion voxels to match printer resolutions. It also enables computational design of dynamic
properties that can be faithfully reproduced in reality. In addition to efficient design opti-
mization, the gamut representation of the microstructure envelope provides a way to discover
templates of microstructures with extremal physical properties. In contrast to work where
such templates are constructed by hand, our work enables the first computational method
to automatically discovery microstructure templates that arise from voxel representations.
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while guaranteeing that all material properties are within the achievable range. Our
algorithm ensures that the final result is realizable since each cell contains a material
property that can be mapped to a microstructure.

Our efficient microstructure sampling algorithm leads to the computational discov-
ery of microstructure templates with extremal elastic properties. Starting with voxel
representation of microstructures, our method automatically cluster similar structures
into families and extract parametric templates from the families. The templates are
controlled by a small number of parameters to allow more efficient sampling and tweak-
ing. They also reveal the underlying structural similarity that are crucial achieving
the extremal physical properties.

Dynamics-aware coarsening (DAC) computes coarse material properties geared towards
dynamic scenarios. DAC achieves a 70x simulation speed gain while preserving the
overall dynamic motion of designs. The material parameters are computed such that
the primary modal frequency of a coarse mesh matches the frequency of a high res-
olution mesh or a physical model. This allows us to simulate dynamic trajectories
of non-linear elastic objects at much faster rates while still matching the macroscopic
behavior.

Boundary-balancing impact (BBI) improves state of the art impact models to more
accurately model real-world inelastic impact. We use the combination of DAC and
BBI to predict the behavior of elastic mechanisms with loading, contact, friction and
impact. For the first time, the simulation of elastic dynamics is predictive and efficient
enough to be used in designing physical objects. To show this, we used our simulation
in an optimization loop to improve the designs of real-world jumping mechanisms.
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The matrix %—’; is called the Jacobian matrix of X with respect to x and is written as

0X dN;
J=—=> X,—"
dx - dx
By convention, &% is a 1 x 3 row vector. The term Xi%\? is an outer product that produces

. dX
a 3 X 3 matrix.

Given the full expression for the deformation gradient F, we can now define elastic energy
densities. The elastic energy density function U(F) computes a non-negative energy value
given a deformation gradient. This function fully defines the elastic behavior of a piece of
material. Integrating ¥ over the domain €2 of an element in the reference space yields the
total elastic energy contained in that element.

E(Xl, ...7X8) = / wdV.
Q
Differentiating E with respect to nodal positions x; gives us the opposite direction of nodal

elastic forces JE 1U(F) dF -

Where
d¥(F)

dF
P(F) is called the fist Piola-Kirchhoff stress. It transforms a normal vector in the reference
space to a force acting in the deformed configuration divided by area in the reference space.
Integrating in the reference space is not easy since the element is not necessarily a rectangular

shape. By change of variables, we can integrate in natural coordinates in the set {2}, =
[—1,1]3.

P(F) =

dF dF
P(F dVv = P(F det J|dV
[ P = [ pE e

N.
= / P(F)J‘T& det J dV.
Qy dx

Here we dropped the absolute value sign because the undeformed element is required to have
positive determinant everywhere. To numerically evaluate the integral, we use Gaussian
quadrature rules. For example, the two-point Gaussian quadrature rule places quadrature

points at i\/g in natural coordinates, which results in 8 quadrature points with equal

weights in 3D. For each quadrature point j, we evaluate the integrand and multiply by the
quadrature weight w;. The integral is written as a summation

-T sz

det J.
dx ¢

—f; => w;P(F;)J
J
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2.1.3 Constitutive Models

In the above section, we defined the strain energy density function ¥. We also showed how to
use it to compute elastic energy and nodal forces without providing concrete formulas for W.
The choice of ¥ determines the constitutive model of elasticity, i.e. the relationship between
strain measures and stress. Our work primarily uses two kinds of constitutive models: linear
elasticity and Neo-Hookean model. For linear elasticity, we first define the infinitesimal strain
tensor

1
e:E(F+FT)—].

This strain tensor is a symmetric matrix. The stress tensor derived from this strain measure
is also a symmetric matrix. Symmetry of the stress tensor is a necessary condition for
conservation of linear and angular momentum. In other words, stress and internal elastic
forces should not cause any change in total linear or angular momentum. The strain energy
density function for isotropic linear elasticity is

A
U(F) =pe:e+ 5757”2(6).

i is a material parameter called shear modulus and X is Lamé’s first parameter. ¢r(e) is the
trace of the strain tensor. Differentiate ¥ to obtain

P(F) = w(F + FT —2I) + M\tr(F — D)L
For anisotropic linear elasticity, the constitutive equation is written as
o = Ce, (2.5)

where o is the 3 x 3 Cauchy stress tensor, C is a fourth-order 3 x 3 x 3 x 3 tensor called the
tensor of elasticity. The term Ce is a summation of component-wise products. In Einstein
notation,

Oij = Cz‘jkﬁkl-

Cauchy stress relates to the first Piola-Kirchhoff stress by

_ 1 T
~ detF

g

The corresponding strain energy density function is
1
U(e) = §C€2.

To simplify notations, the stress and strain tensors are written as vectors instead of matrices.
Using Voigt notation, a stress tensor of the form

Oxe Ozy Oxz
o = Oyz Oyy Oyz

Ozz Ozy Ozz
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coordinates. Define the strain-displacement matrix

dN;
— 0 0
X1
o WM
dX?2
0 0 dNy
_ X
BX)= [ an, an, )
dX2 dX!
N
X IxXe
av, 0B
dXs3 dX1

For an eight-node hexahedron, this matrix has 3 x 8 = 24 columns. This matrix computes
the strain tensor at a point X given nodal displacements

This linear relationship concludes our claim that linear elasticity model defines a linear
relationship between nodal displacements and nodal forces. Further, using quadrature rules,
we can numerically evaluate K as

K => w;B(X;)CB(X;)det J.
J

The downside of linear elasticity is that it does not handle rotation properly. An elastic
object undergoing a rigid rotation should contain zero elastic energy. If we let F = R for
some rotation matrix R, the resulting energy measure is generally non-zero. Because of this
limitation, linear elasticity is useful only when the deformation is small with respect to the
overall size of the object. When an object undergoes large deformations such as buckling,
it often admits many potential static equilibrium configurations, linear elasticity always
predict a single solution with little buckling since its elastic energy landscape is convex with
a unique local minimum. Additionally, linear elasticity does not preserve volume according
to the Poisson’s ratio parameter. In fact, elements can easily invert into non-physical states.

To address the rotation problem, non-linear elasticity models such as the corotated linear
elasticity model and the Saint-Venant Kirchhoff model are developed to be rotation invariant.
However, these models still allow an element to invert and do not preserve volume. We use the
Neo-Hookean material model for non-linear elasticity. It resists inverting, and approximately
preserves volume according to Poisson’s ratio. The strain energy density of Neo-Hookean
model is

A
U(F) = %(Il —3) — plogdet F + §(logdet F)?,

where the first isotropic invariant is
I, = tr(FTF).
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Figure 2-2: (a) In a typical method, the preprocessing step is offline, making the design loop
slow. (b) In our method, we move the timeconsuming offline computation outside of the
design loop.
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DDFEM is a combination of embedded finite elements and hierarchical coarsening. In the
remainder of this section, we discuss the problem of coarsening and introduce the notion of
a material palette. We conclude by summarizing the two main stages of DDFEMaAToffline
coarse material construction and online coarsening.

Coarsening for finite elements The key component of our DDFEM is coarsening. Coars-
ening reduces the number of vertices in a finite element simulation mesh in order to improve
runtime performance. Since simply removing vertices can greatly reduce the accuracy of the
simulation, coarsening schemes also assign new materials to coarsened elements to minimize
this effect. We regard the global coarsening of a simulation mesh as the result of many
local coarsening operations which map from contiguous subsets of fine elements with applied
materials to coarse elements with new, optimized materials. Our goal is to precompute
these optimized materials so that coarsening is fast at runtime. Below we discuss how to
make such a precomputation tractable beginning with our choice of finite element simulation
methodology.

Conforming vs. embedded finite elements The defining feature of conforming finite
element methods is that the simulation mesh is aligned with the geometry of the object
being simulated. Omne obvious feature of conforming meshes is that the mesh itself is a
function of the input geometry. This means that the output of a local coarsening operator
(the coarsened mesh) will also be a function of the input geometry. Also, the new material
computed by each local coarsening operator will be a function of input geometry. This
dependence on input geometry is a significant issue to overcome if we wish to precompute
coarsened materials because, in design problems, the input geometry is in constant flux. The
number of precomputed coarse materials now depends on the local material assignment on the
simulation mesh and the input geometry. Thus space of coarsened materials is prohibitively
large. To mitigate this we turn to embedded finite elements. These methods embed the
geometry to be simulated into the simulation mesh with no regard for whether the mesh
conforms to the geometry or not. Thus an identical simulation mesh can be used for any
input geometry. Local coarsening operations on the embedded mesh yield identical coarse
elements and the optimized coarse material depends only on the local material distribution
on the simulation mesh. This significantly reduces the size of the coarsened material space.
In this paper we embed all simulation geometry into a hexahedral simulation mesh.

Material palette We further shrink the space of coarsening operators using an observation
about material design. Designers do not work in a continuous space of materials but limit
themselves to a relatively compact set (e.g. rubber, wood, steel) related to their problem
domain. We call these discrete sets of materials palettes and denote them P = {M*, ..., M"}.
Here M? denotes a specific material model in P, and n is the size of the material palette. In
this work we limit ourselves to nonlinear hyper-elastic materials, which means that each M
can be represented by a strain energy density function. We also include a void (or empty)
material in every palette. This allows us to perform topology changes in the same manner
in which we perform material assignment updates.
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Figure 2-12: Simulating a bar with an embedded set of fibers using Naive Coarsening,
DDFEM and a High-Res Simulation. Note that DDFEM captures the characteristic twisting

motion of the bar better than Naive Coarsening. (a,b) shows the initial state of both bars
while (c¢,d) shows the deformed state after pulling on the top of the bars.
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Figure 2-13: Comparison of CG iterations on high-resolution and coarsened meshes of the
George-bone example. The squared residual is measured as |[Kx — f||>. We observe that CG
converges much faster on coarse meshes.
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Figure 2-14: Designing a shoe sole: We compare the performance of DDFEM to that of
High-Res Simulation in the context of a material design problems. Large images show the
effect of material changes on the sole of the shoe, which is being deformed under a “foot-like”
pressure field. Inset images show the materials assigned to the shoe sole and the embedded
finite element simulation mesh. Numbers within arrows show coarsening times between
editing steps and the numbers in the upper left corner of each image show the relative
performance of DDFENM to High-Res Simulation. While the DDEFENMN sole is made up of
many coarse material, we display it as a single color to distinguish it from the High-Res
Simulation.

Figure 2-15: Accelerating geometry change: We repair a structurally unsound bridge by
adding a supporting arch (8x faster).

Figure 2-16: Correcting George’s posture using a rigid skeleton (High-Res Simulation and
DDFEM).
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